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Abstract
In this paper, we present some new sufficient conditions for the oscillation of all solutions of the second order
non-linear ordinary differential equation of the form

(r(t) i(t)j £ AODGXD), D) X)) = H(E x(D)

where ( and rare continuous functions on the interval [to,oo), t, >0, r(t) is a positive function, is
continuously differentiable function on the real line R except possibly at 0 with xg(x) >0 and g'(x) >k >0
for all x = 0, @ is a continuous function on RxR with u®(u,v) >0 forall U#0and d(Au, Av) = Ad(u, V)
for any 2 e (0,00) and H is a continuous function on [t,,)*R with H (t, x(t))/g(x(t)) < p(t) for all X#0
and t >t,. The oscillatory behavior of ordinary differential equations has been extensively studied by many

authors, see for examples [1-14] and the references therein. This research work which is obtained using Riccati
Technique, extends and improves many of the known results of oscillation in the literatures such as our
oscillation results extend result of Wong and Yeh[14], result of Philos[9], result of Onose[8], result of Philos and
Purnaras[10], result of E. M. Elabbasy[3], results of Greaf, Rankin and Spikes[5], results of Grace and Lalli[4] and
results of Moussadek Rmail[7] and some other previous results. We illustrate our oscillation results and the
improvement over other known oscillation conditions by examples, numerically are solved in MATLAB.
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1. Introduction

In this paper, we are concerned with the problem of oscillation of second order non-linear ordinary
differential equation of the form

[r(t) i(t)j +q(t)c1>[g(x(t)),r(t) %(t>j ~ H(t (1) (E)

where g and r are continuous functions on the interval [to,oo), t, >0, r(t) is a positive function, g
is continuously differentiable function on the real line R except possibly at 0 with xg(x) >0 and
g'(x) >k >0 forall x=0, ® is a continuous function on RxR with u®(u,v) >0 for all u=0and

®d(Au, Av) = AD(u,v) for any Ae€(0,0)and H is a continuous function on[to,oo)XR with

H (t, x(t))/g(x(t)) < p(t)for all x=0 and t>t,. A solution x(t) of the differential equation (E) is

said to be oscillatory if it has arbitrary large zeros, and otherwise it is called non-oscillatory.
Equation (E) is said to be oscillatory if all its solutions are oscillatory, and otherwise it is called
non-oscillatory.

Equation (E) is said to be superlinear if

+oo

0< | ﬂ<oo for every all &> 0.
2. 9(u)

The oscillatory behavior of ordinary differential equations has been extensively studied by many
authors, see for examples [1-14] and the references therein.

Onose [8] studied the equation

X(®)+q)g(x() =0 (1)

and proved that if

t
1) !iminqu(s)dszo,
to

t
2 !imsuqu(s)ds = 00,
t
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then the equation (1) is oscillatory. Philos [9] and Wong and Yeh [14] considered the equation (1)
and gave extensions to the result of Onose [8]. Philos and Purnaras [10] have studied the equation
(1) and supposed that the superlinear differential equation (1) is oscillatory if

t

(1) liminf tni_lj(t—s)”lq(s) ds > —oo for some integer n>1,

to
1I S 2
2 !LTsupEtfouq(u)duJ ds=o0.
E. M. Elabbasy [3] has studied the equation

[r(t) i(t)j +q) g(x() =0 )

and showed that the equation (2) is oscillatory if

1) !Lrginf j‘p(s)q(s) ds > —o,

2 !Lrgsup%j{jp(u)q(u)duJ ds=co.

o \lo

2. Main Results

In this section, we state and prove our main results as follow:

Theorem 2.1

Suppose that

Q) - < 1 ,C, >0,
dLu) C,

2 q(t) >0 forallt>t,,
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and there exists continuously differentiable function p:[t,,o0)— (0,0) suc

p(t)=0 on[t,,0) and

T ds
© I pSIN()

@ [ pElca) - pEks <

to

t—oo

(5) Iiminfﬁ‘{’(s)ds] >0 forall large t,

(6) lim j

tow

6 )1 e )j (u)duds= oo.

Then, every solution of superlinear equation (E) is oscillatory.

Proof: Without loss of generality, we may assume that there exists a solut
such that x(t)>0 on[T,«) forsome T >t, > 0. Define

r(t) x(t) X(t)

“0="xw) "

This and (E) imply

r(t) x(t) ~ 1 kr(t) x(t) x(t)
w(t)= [ ((t))} p(t) — a() DL w(t)) - 0

From condition (1), for t > T, we have

(X | ) kr(t)x(t)
[g(x(t»J [C,a(t) - p®)]- <0)

We multiply the last inequality by p(t) and integrate form T to t, we have

h that

ion x(t) of equation (E)

(2-1)
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PO X1 _ pM)r(T)x(T) | ) (e PO
o S e [ P(s)(C,a(s) - p(s)) ds + ﬂp@)w(s) ke ® (s)}

Lot ¢, 2 LOIMXD) oy 20T,
9(x(T) 2p(0)

POTOXO _ . o) 2 [P
oS jp(s) Coq(s) - P(s)) ds+jk [ (S)_{Wnds

PR 010
p(s)(C,a(s) - p(s)) —4kp(s)}ds

¥(s)ds (2-2)

/\

—I'—-.r—v —|'—.;—v

From inequality (2-2), we have

I‘I’(s)ds< p(MITXT)  pOrH)X()
g(x(T)) g(x(¥)

Now, we consider three cases for ;<(t)

Case 1: If >.<(t) >0 fort>T, >T, then we get

TYXT)  pOrE X
a(x(T,) g(x(1)

I\P(s)ds< P,

Thus, for all t>T,, we obtain

PO () X(t)

0 ds<
Jreds<= o)
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We divide the last inequality o(t) r(t) and integrate from T; to t, we obtain

x(s)
(())

Tj S P I

Since the equation (E) is superlinear, we get

t

Tj P (S) ]

x(t)

Xs) .
J“P() uds< Ig( (S))ds—x(J;l)m<oo

This contradicts condition (6).

Case 2: If ;<(t) is oscillatory, then there exists a sequence 7, in [T,oo) such that>.<(rn) =0.Choose N
large enough so that (5) holds. Then from inequality (2-2), we have

POFOXO) _ os
ox(®)

So

!Lrgsup%g C, +!Lngsup{—j‘1’(s)ds}zcrn —!Lrginf{j?(s)ds}<0,

Th Th

which contradicts the fact that x(t) oscillates.

Case 3: If ;((t) <0 for t>T, >T . The condition (5) implies that there exists T, =T, such that

t

I(Coq(s) —p(s))ds=0 fort>T,

T3

Multiplying the equation (E) by p(t) and from the condition (1), for t > T, we have
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p(t)(r(t) i(t)j +CopOIXM)AD < pOIXD)PE), LT,

Integrate the last inequality from Tj to t, we obtain
POFO XA < pTINT)X(T,) + [ p(S)r(s) X(8)ds— g(x(1) [ £()(C,a(s) - p(s))ds

+ g () X(E) [ pW)(Coa(u) - p(u))duds £ =T,

T3 T3

< p(T,)r(T) X(T3) — g (x(D) [ P(5)(Cott(5) — P(S))ds

+ g X(s) [ pW)(Coa(u) - p(u))duds, t 2T,

< pTI(TYX(T,), t=T,.

Dividing the last inequality by p(t)r(t) and integrate from T3 to t we obtain

X(t) < X(T;) + AT (T3) X(T,) j e ) e~ At

which is a contradiction to the fact that x(t) > 0 for t >T.Hence the proof is completed.

Example 2.1

Consider the following differential equation

(i(t)/t). E Sl OB ' O NP
t . X*(t)+1
2x%8 () + (x(t)/tj

Here r(t)=1/t, q(t) =1/t*, g(x) =X, CD(u,v):us/(Zu4 +v4) and

4
HLXW) X ® 4 oy forallx=0andt > 0. Taking p(t) = 4> Osuch that
g(x(t)) x* (1) +1
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@ [ PCa(s) - s =2 <

0

() !Lrgmf{{?(s)ds}tllplnf{{[[p(s)(coq(s) p(s)) o) }ds}t02>0,

o0

3 _ P U)r(u) o
H‘”top(s)r(s)ﬂ(coq(u) PW) 4kp(u) }dUds '

3 lim J p(s)lr(s)f‘ll(u)duds: lim

All conditions of theorem 2.1 are satisfied and hence every solution of the given equation is
oscillatory. To ensure that our result in theorem 2.1 is true we also find the numerical solutions of

the given differential equation in example2.1using the Runge Kutta method of fourth order. We
11 35

have ;(t)z f(t’x(t)';(t)ﬁ—xf 3 X

o4
2x% +x (1)

with initial conditions x(1) =1, ;((1)=10n the chosen interval [1,100] and finding values of the
functions r, g and f where we consider H(t, x) = f (t) I(x)at t=1, n=500 and h=0.198

Table 1: Numerical solution of ODE1

K ty X(to)
1 1 1

2 |1.198 | 1.166
3 | 1.396 | 1.2043

10 | 2.782 | -0.1516
11 | 2.98 | -0.3605
12 | 3.178 | -0.5694

23 | 5.356 | 0.1301
24 | 5.554 | 0.3383
25 | 5.752 | 0.5465

36 | 7.93 | -0.1016
37 | 8.128 | -0.3001
38 |8.326 | -0.5166
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Figurel: Solution curve of ODE 1

As we see in Figure 1, all solutions of the given differential equation in Example 2.1 are
oscillatory.

Remark 2.1:Theorem 2.1lextends result of Wong and Yeh [14], result of Philos [9], result of
Onose [8] and result of Philos and Purnaras [10]as r(t) =1, ®(g(x(t)),r(t) >.<(t))zg(x(t))and

H (t, x(t)) =0and result of E. M. Elabbasy [3] as ®(g(x(t)),r(t) ;<(t))z g(x(t))and H(t, x(t))=0.
Also our theorem improves theorem 2 of Greaf, Rankin and Spikes [5], theorem 1 of Grace and
Lalli [4] and theorem 2 of Moussadek Rmail [7].

Theorem 2.2: Suppose, in addition to the condition (2) holds that

(7 F(t)so forallt>t, and (r(t)q(t))" >0 forallt>t,.

(8) ®(1,v)>v forallv=0.

to

(9) lim sup%j{Azr(s)q(so - p(u)du}ds—oo,

where, p [tO,OO)—> (0, 00), then every solution of superlinear equation (E) is oscillatory.
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Proof: Without loss of generality, we may assume that there exists a solution x(t) of equation (E)
such that x(t) >0 on [T,oo) for some T >t, > 0. From inequality (2-1) and the condition (8), we

get

(OXO |
[g(x(t))J < P - g ().

Integrate the last inequality from T to t, we obtain

r(t) X(t)
g(x(®)

<A+ j p(s)ds — j r(s)q(s) gz()fz))ds 2-3)

~rMx()
Where A=)

By condition (7) and the Bonnet’s theorem, we see that for each t>T,there exists T, € [T,t] such
that

x(t)

X(s) ds = r(t ttﬂd — r(t)q(t
j (a6 1 78 = rOaw j S =" )q()X(L o

Since r(t)q(t) > 0 and the equation (E) is superlinear we have

o 0 I x(t)<x(T,)
%< (9 @y x(T,)
17 9 g(u)

x(Tz)

Thus, it follows that

j (99 s > A r(a) where A, —int | O
g(x(s)) 0 9(U)

Thus the inequality (2-3) becomes
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r(t) X(t)
g(x(t))

<A+ j p(s)ds — A,r(t)a(t)

Integrate the last inequality from T to t, we have

Jréz(é;))ds <A(-T) —1 A,r(s)a(s) —J p(U)dU}dS

Since r(t) is positive and non-increasing for t >T,the equation (E) is superlinear and by Bonnet’s
theorem, there exists S, [t,T] such that

r(s) X(S) X(5,) AT
ds=r(T T), wh N
[ 92T | oy Arr). where &, =it |

Thus, for t>T,we have

—_—

{&r(s)q(s) -| p(u)du}ds < A(t-T)-Ar(T)

Dividing the last inequality by t and taking the limit superior on both sides, we obtain

Ilmsup J{Azr(s)q(s) _[p(u)du} s<I|msup Al(l——)—llmsupA3 (T ) 0,

ast — oo, which contradicts to the condition (9). Hence the proof is completed.

Example2.2: Consider the following differential equation

k) s —CO__ | XOwKO) |,
xlo(t)+().((t)/t) O +D

Here, We have
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B .4 s _ u’ H(t,x() _x*(t)cos(x(t)) _ 1 _
"0 =Yt,90) =t*,g(0) =X, OuV) =u+—— and OB

p(t)

forallt>0 andx=0.
1t S 1t S du
- i + 3 _ _
!Lrgsupfl Azr(s)q(s)—l. p(u)du}ds—!LrEsuptﬂAzs GI—Ust_oo.

All conditions of theorem 2.2 are satisfied and hence every solution of the given equation is
oscillatory. The numerical solutions of the given equation using the Runge Kutta method of fourth
order (RK4) is as follows:

We have

X() = f(t,x(t),;(t)):%_[m)m (t)/ [xw 0+ (t)D

with initial conditions x(1) =1, ;<(1)=1 on the chosen interval [1,100]and finding values of the
functions r, q and f where we consider H (t, x(t)) = f (t) I(x) att=1, n=500 and h=0.198.

Table 2: Numerical solution of ODE2

K ty X(t)
1 1 1

2 | 198 | 1.1587
3 1139 | 1.1841

9 | 2584 | -0.046
10 | 2.782 | -0.2729
11 | 2.98 | -0.4996

22 | 5.158 | 0.2073
23 | 5.356 | 0.4336
24 | 5.554 | 0.6593

34 | 7.534 | -0.139
35| 7.732 | -0.3651
36 | 7.93 | -0.5908
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Figure2: Solution curve of ODE 2

As we see in Figure 2, all solutions of the given differential equation in Example 2.2 are
oscillatory.

Remark2.2: IF()rt) =1, (ii) @(g(x(t)),r(t) >.<(t))ECD(x(t),>.<(t)) and (iii) H(t, x(t)) =0, then
theorem2.2 extends results of Bihari [1], Kartsatos[6]. In addition to (i) and (iii), if (ii) is

Dd(g(x(t)),r(t) >.<(t)) = g(x(t)) then theorem2.2 extends results of E. M. Elabbasy [3]. All results of

Bihari [1], Kartsatos [6] and E. M. Elabbasy [3] can’t be applied to the given equation in
example2.2.
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