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ABSTRACT
DOI: https://doi.org/10.37375/sjfssu.v13i1.1373

The purpose of this paper is to study some known interesting subordination results for
analytic functions defined in the open unite disk U = {z € C: |z| < 1}. Especially, it
is to obtain subordination results for a family of univalent functions which are defined
by means of the convolution. Relevant connections of the results presented here with
those obtained in earlier works are also pointed out. However, our results generalize

ARTICLE INFO:

Received 20 June 2022.
Accepted 14 February 2023.
Available online 01 June 2023

and extend some earlier results in the literature.
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1 Introduction

In this work, we prove several subordination
relationships involving the functions in subclass
Y(£,Y,8,2A). In our proposed investigation of functions
in the subclass of the normalized analytic function class
S, we need the following definitions and result.

The class of analytic functions in the open unit disc
U ={z € C:|z| <1} of the form:

f@)=z+ Z a,z" (1.1)

n=2
is denoted by S For the function f(z) and g(z) € S
given by

g@)=z+ ) b,z" (1.2)
the Hadamard product (or convolution) is given by
F* D@ =) anbuz™ = (g ). (13)
n=2

For two functions f(z) and @(z) analytic in , say
that the function f(z) and @(z) is subordinate to @(z)

in U written f(z) < @(z) , if there exists a Schwarz
function w(z) which (by definition) is analytic in U
with w(0) =0 and |w(z)| <1, such that f(z) =
B(w(z)). Indeed it is known that

f(2) < 8(z) = f(0) = 8(0) and f(0) c #(0).

Furthermore, if the function @(0) univalent in U,
then we have the following equivalence (see [2] and
[5D;

f(2) < 8(z) © f(0) =08(0) and f(U) c d(U).

Definition: (Subordinating Factor Sequence) [8].
A sequence {c, }y—, of complex numbers is said to be a
subordination factor sequence if, whenever f(z) of the

form (1.1) is analytic, univalent and convex in U, we
have

Z panz™ < f(2)(z€ U;a, =1), (1.4
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for Q(z) =z + Z ¥2" and Y(z)

n=2

=z+2v z" inU,where y,

n=2

> 0(n = 2).

Murugusundaramoorthy and Frasin [6], defined the
subclass W(Q,Y,5,A) of W consisting of functions
f(z) of the form (1.1) and satisfying

R{ (f*D(2) }

IV

A= *N(2)+o(f ) (2)
>A(zeU), (15)

where0<6<1 and 0<A<1.
We note that:
(i) Lp( z 0, A) Y (1)

, (the class of

(1-2)2 1-z’
starlike functlons of order Aand
‘P(Z+z 0)\) K(1) (the class of convex

(1-2)3’ (1-2)? z)2’
functions of order A (see Robretson [7]), where ¥* (1)
=¥*(1) and K1) =KQ)

(i) Y(zg'(2),g(2),6,1) =¥(g(z),6,1)(see Aouf
et al. [1, with = 0 ]), where g(z) is given by (1.2).

For another choices of Q(z) and Y(z) we have the
following new subclasses:

(i) Putting Q(z) = z + X2, (1”?—:1"‘1))'" " and
Y(z) = z+ X5, Th(ay)z™ , where
(a))p—q...(a
My(@y) = —< (@), (1.6)

Bn-1-+- Bs)n-1 ' (n—1)!
(a;(i=12,..q); Bi{-1,-2,..},(G=12,..,5)

Are real and B; #{0,—1
NuU{0},N ={1,2,..}),

L bl =0,meN, =

and
F(a+k
(a)k=%
_ 1 k=0
_{a(a+1)(a+2)...(a+k—1); k€EN

in (1.5) the subclass W(€,Y,8,A) reduces to the
subclass W, ;(m, [a;], 6,2)

= {f (2)

ELP:Re{

> 1},

I H(H @) }
(1 = 8)Hys(a)(f)(2) + 1™ (1, D(F)(2)

where the operators 1™ (u,l) and  Hg(aq)
respectively, were introduced and studied by Cétas et
al. [3] and Dziok-Srivastava [4], respectively, which
generaliz of many other operators.

(i) Putting Q(z) =z+ X5, T(a)z" and
_ m
Y(2) = z+ B, (FEEED) T in (15) the

1+1
subclass  W(Q,Y,8,A)  reduces to the subclass

l{J*([(xl], m, 8! }\)

= {f (2

ElP:Re{

> 1}.

2  Main result

Hq,s(al)(f)(z) }
(1 =8I, D) (2) + 6Hgs(a) () (2)

In the reminder of this paper, we assume that:

0<6<10<A<L,yp2v,>0n=2)and z €
U.

To prove our result, we need to the following
lemmas.

Lemma 1 [8]. The sequence {c,}m=; IS a
subordinating factor sequence if and only if

Re [1 +2 z cnz”} >0. (2.1)

n=1

Lemma 2 [6]. If f(z) € S, satisfies

D =+ 80— v an S 1-2, (22

n=1

then f(z) € ¥(Q,Y, §,1).

Corollary 1. If f(z) € ¥(Q,Y, 8,1), then
_ m>2). (23)

lnl < G o ¥ 60 — v AT}

The equality holds for
f(2)
1-2

vy i oY b1 LA 24

Let ¥*(Q,Y,5,A) denote the class of f(z) € S
whose coefficients satisfy the condition (2.2). We note
that W*(Q,Y,8,10) € ¥(Q,Y,8,20).
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Theorem 1. If f(2) € ¥*(Q,Y,8,1). Then

Y2 — [va +8(y2 —v2)]4

2{1 =2+ (v — [va + 6(y2 —v2)AD}
< h(2), (2.5)

(f *h)(2)

for every function h(z) € K, and

Re{f (2)}
_ {1-24+ G2 —[va+ 62 —v)AD} (2.6)
Y2 — [v2 +8(y2 —v2)]4 . .
The constant factor Y2—[v2+8(r2-v2)1A in the

2{1-2A+(y2—[v2+8(y2-v2)AD}
subordination result (2.5) can not be replaced by a
large one.

Proof. Let f(z) € ¥*(Q,Y,8,1). and suppose
that

h(z) =z + Y3, cnz",
then
—[va + 6@y, —v2)]A4
21 =2+ (2 — [v2 + 8(v2 —v2)AD}

(f *h)(2)

_ Y2 — [vo + 8@y, —vp)]2 5
21 =2+ (2 — [v2 + 6(y2 —v2)AD}

+ Zancnzn,) 2.7)
n=2

Thus, by using Definition, the subordination result
holds true if

{ Y2 — [va + 8@y, —vp)12 a }oo
21 =2+ (2 — [v2 + 6(y2 —v2)AD} "

is a subordinating factor sequence, with a; =1 . In

view Lemma 1 , this is equivalent to the following
inequality:

Re {1

—[vy + 8@y, —v2)14 n
+ Z a —,1 0=, 760, — v}
> 0. (2.8)

Now, since

A(Tl) = {yn - [Vn + 6(yn - Vn)]/l}l
is an increasing function of n(n = 2), we have

Re [1
v, + 60, —v)I1 n
* Z {1- /1 + U2 — vz + 60 — v)AD} 7 }

Y2 — [v2 + 8@z —v2)IA 4
{1-2+ (2 —[va + 6(r2 —v2)AD}

+ Z{ V2
n=2

v, +6@0.— Vz)]l}anzn}

=Re[1+

>1 V2 —[v2 + 80z —v2)1A
=>1- r
1=+ —[v2 + 802 —v)AD}

1
R T ey PIRE
- [Vn + S(Vn - Vn)]l}anrn

> Y2 — [v2 + 6y — )l
=>1- r
{1 -2+ (2 —[va +6(y2 —v2)AD}
3 1-2
A2+ s~ [+ 80, — AN}

>0(zl=r<1),

where we have also made use of assertion (2.2) of

Lemma. Thus (2.8) holds true in- This proves the
inequality (2.5). The inequality (2.6) follows from (2.5)
by taking the convex function

h(z) = —Z-I-ZZ e K

To prove the sharpness of the constant
[, + 60, —v)I1
201 =2+ (2 — vz + 6(y2 —v2)AD}

we consider the function f,(z) € ¥*(Q,Y,8,2)
given by

1-2 ,
@ =i —h vsm, —wmmm’ - @9

Thus from (2.5), we have
—[v2+ 6@, —v)IA
2{1 =2+ (y2 — [v2 + 8(y2 —v2)AD}

fo(z) < 11—

Itis easily verified that

57

Open Access Atrticle is distributed under a CC BY 4.0 Licence



SUSJ Vol. 13, No. 1 (2023) 55-59

Hussain et al 2023

min
|z|sr

Yy, — vy + 6(y2 —v2)]A
{Re (2{1 — A+ —[vy, + 60y, — VZ)A])}fO(Z)>}

=— (210

This show that the constant

Y2 — 2 + 8@z —v2)1A
2{1 =2+ (y2 — [va + 8(y2 —v2)AD}

is the best possible. This completes the proof of
Theorem.

Putting Qz)=z+
e (1+l+u(n—1))m n (OT v, = (1+l+u(n—1))m) and

1+1 1+1

Y(Z) =z+ Z?f:z Fn(al)zn OT(Vn = Fn(al))

where [,(a,) is defined by (1.6), in Lemma 2 and
Theorem 1,

|
Now, we obtain the following corollary:
Corollary 2: Let the function f(2)€
W¥,,s(m, [ay],8,1) and satisfy
o ((1+ 1+ p(n—1\™
YY)
n=2
- [Fn(al)
l _ m
(e R ) |
<1
—A (2.11)

Then for every function h(z) € K we have

A+ 1+m = [Ha)@+ D™+ 6((A + 1+ )™ = T(a)(1 +D™M]A
20 -DA+D™+ A+ 1+ W™ — [La)@A+ D™+ (A + 1+ W™ — T(ay) 1+ D™)]A}

(f *)(2) < h(2), (2.12)
and

Re{f(2)}

. A-DA+0"+ A +1+0™ - [Hla)A+D™+8(A +1+ W™ - T(a)(A +D™)]A

A+1+pm = [Rla)@+ D™+ 6((1+ 1+ wm = T(a) (1 + D™)]A

The constant factor

A+ 1+ m™ = [Ba)@+ D™ +6((A+ 1+ @™ — T(a)d + D™)]A
21 =DA+D™+ A+ 1+ ™ = [Ra)@+ D™+ 61+ 1+ W™ = T(a)A + D™}

in the subordination result (2.12) cannot be
replaced by a large one.

Putting Q(2) = z+ X3, Tw(a)z™ or(yn = Tn(a1))
M
and Y2)=z+27, (1““‘7("1)) z" (or Vp =

1+1
_anm
(1+z+1,4—+(ln1)) ) , in Lemma 2 and Theorem 1, we obtain the

following corollary:

Corollary3. Let the
W+, s([oy],m, 8,1) and satisfy

function f(2) €

i {Fn(al

ety

+5 (rn(al - (%)m)] ,1} o]

<1-2 @14)

Then for every function h(z) € K we have

L)@ +Dm—[A+1+wm+ 61+ D™L(a) — A+ 1+ p™)]A
21 -DA+ D™+ Llap@+ D™ = [+ 1+ ™ + 6(1 + DT (e)—(1 + L+ w™)]A}
(f*h)(2) < h(2), (2.15)
and

Re{f (2)}
o A=-DA+D"+ L)@+ D" - [A+ 1+ 0™ +8((1+ D"L(a) -1 + 1+ 0)™)]A

Lla)@A+Dm—[A+1+ ™+ 6((1+Dm(a) — A+ 1+ w™)]A

. (2.16)

The constant factor

La)A+ D™ = [A+1+ W™ +6(A+D"(a) — A+ 1+ ™A
20 -DA+ D"+ Lla)@+ D™ = [A+ 1+ W™+ 6((1 + D) -1+ L+ ™)1}

in the subordination result (2.15) cannot be
replaced by a large one.

Remark. Putting vy, =g(z) and Q(z2) = zg'(2)
where g(z) is given by (1.2), in Lemma 2 and
Theorem 1, respectively, we obtain the results
obtained by Aouf et al. [1, Lemma 2 and Theorem
1, respectively, with g = 0].

3 Conclusions

In this recent paper, we considered some analytic
functions defined by convolution. By selecting different
values for both the function g(z) and the
parameters §,4 , we came out with some new
subordination results which are interesting in their own
right.
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