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The study of differential equations has been the object of many researchers over
the last decades. Different approaches and various techniques have been adopted
to investigate the qualitative properties of their solutions. Recently and driven by
their widespread applications, the investigation of differential equations of second
order has drawn significant attention. The oscillation of solutions has been the
main features that have attracted consideration. Therefore, it has been intended to
use the Riccati Transformation Technique for obtaining several new oscillation
criteria for different classes of nonlinear differential equations of the second order
with a damping term. Oscillatory behavior has taken into account through this
study of solutions of some differential equations. Comparisons between our
results and the previously known results have presented. The relevance of our
theorems has been clear due to carefully selected examples. As a conclusion, our
aim is to provide some results to improve and/or extend some of well-known
results in the literature.

1 Introduction

some ray[t,, =) where t,, may depend on the particular

solution.
This paper concerned with oscillation of the In the past decades, the problems regarding the study of
solution to the damped ordinary differential equation of oscillation criteria of differential equations with damping

the form:

r@®PEO)X'()) +hO)x' (1) + q(O)g(x(t) =

H(t, x(t), x (t)),

have become an important area of research because such
equations arise in many real life problems; see the
research papers (Ayanlar & Tiryaki, 2000, Elabbasy &
@ Elhaddad, 2007, Kirane & Rogovchenko, 2001, Mustafa et al.,

interval [ty, ), t, = 0 r(t) is a positive function , is
continuous function on the real line R, with ¥(x) >
0,vx € Rand g is continuously differentiable function
on the real line R except possible at 0 with xg(x) > 0

and g'(x) = k > Ofor all x # 0. His a

continuous function on [t,, ) X R with

HExOx ©) < 4(t) for all te[ty, o)

Rogovchenko, 2003, Rogovchenko &Tuncay, 2007,
Rogovchenko &Tuncay, 2008, Rogovchenko & Tuncay, 2009,
Saker et al.,2003, Tunc & Auvci, 2012, Wang & Song, 2013,
Xiaoling & Chenghui, 2013, Zhang & Song, 2011 and Zheng,
2006) and the references cited therein. In particular,
second order-damped differential equations are used in
the study of vehicle noise, vibration and harshness of
vehicles (NVH). In what follows, we present the

9e(®) _ o background details that motivate the contents of this
Throughout this study, our attention is only to paper
the solutions of the differential equation (1) that exist on '
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(Elabbasy et al. 2005, Lu & Meng, 2007, and
Rogovchenko &Tuncay, 2008), established some new
oscillation conditions of Kamanev and Philos type for the
Eq. (1) with ¥(x(t)) = 1, H(t, x(t), x (t)) = Oand they
did not sign conditions onh(t), q(t). Rogovchenko &
Tuncay, (2009) considered Eg. (1) with
H(t,x(t),x'(t)) = 0and Berkan (2008), continued the
investigation of new oscillation of Eq. (1) but he put
H(t, x(t),x'(t)) = H(t).

Zhang & Song, (2011) considered equation (1) when
replaced explicit function q(t)g(x(t)) by implicit
function Q (¢, x) they obtained certain necessary criteria
for oscillation of Eq. (1).

Wang & Song, (2013), established certain
oscillation standards for Eq. (1), with H(t, x(t), x'(t)) =

0, gx()

e >k >0forx 0.

Xiaoling & Chenghui, (2013), established an
important extension of the celebrated oscillation criteria
for (1), they studied it with Y (x(t)) =1, g(x(t)) =

g(x(z(t))) andH (t, x(t), x (t)) = 0.

In the same way, we localize generalize Reccati
technique to derive new oscillation conditions for Eq. (1).
Our results are more general than the previous results.
Precisely chosen examples are provided to demonstrate
the influence of impulses on the oscillatory actions of all
solutions in this class.

2 Definitions

Definition 1. A solution x(t) of Eq. (1) is oscillatory if
it has arbitrarily large zeros; otherwise, we call it non-
oscillatory. The Eq. (1) is oscillatory if all of its solutions
oscillate.

Definition 2. Equation (1) is said to be super-linear if

0< fim < ooforevery all e > 0

g

3 Oscillation Results

In this section, | introduce some theorems that include
new conditions for ensuring the oscillation of solutions
equation (1).

Theorem 1: Suppose that

1) ¢ <Yx(t)) <c, forall xeRand
(2) h(t) < Ofort = tyhold.

Let p be a continuously differentiable positive function
over[T, e) such that p'(t) = 0

over [T,); (p'(t)r(t))" < 0and such that
3) lim fT L ds = oo,

t—ee “To p(s)r(s)
(4)
lim 7 R(s)ds = o0; R(s) = p(s)[a(s) = p(s)]
1 S
- (pp(( S))) r(s),
A is constant.
Then, every solution of equation (1) is oscillatory.

Proof: Without loss of generality, we may hypothesize
that there exists a solution x(t) of equation (1) such that

x(t) > 0on[T, ), forsomeT = t, = 0.
Define

w(t) = rOPEO)*'©)

>T 1
9(x(1) 2 @

For all t > T, then differentiating Equality (1) and
using Eqg. (1), we obtain

rYE@)x'©)\ _ H(Ex' (), x(t))
< —q(t)
9(x(®) 9(x(®)
CAOX(©)  r@PpE®)x (g ((E)x'(©)

g(x(®) g% (x(®)

Since g'(x(t)) = kand using the condition (1) we
have

SOYIEIONION o
( g(x(1)) ) = OOl e
_EPOVIEOEOS o g

c29%(x(t))

Multiplying the inequality (2) by p(t) and integrate
form T to t we obtain

p(OT ()P (x())x(t) ¢
gx(t) s J;P(S)[CI(S) p(s)]ds
_ ftw
T g(x(s)

[P ©0E - 48303 ()] ds (3)

Where Cy = _ DM (M)x (1)
gx(T)) '
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By using complement square, the inequality presented by

(3) can be written as

pPOTOPE@)* () _ c

g(x() - LP(S)[Q(S) —p(s)]ds

_ P(S)h(S)X'(5)
T g(x(s)

i [A p(s) (Wz( 5 — (p’(s)r(s))z)] 4

24p(s)

By the Bonnet theorem, for a fixed &, € [T, t] such that

D@ o x(s)
_L e N pmth FICONE

Since(—p(t)A(t)) = 0 and the equation (1) is super-
linear, we have

—o0 < ff —p(s)h(s) - ds < B (5)

where B = —p(T)h(T) [ (T)g(u)

By (5) and the condition (4), (3) become

PO (OP(x(E)x (1)
g(x(®)

t
SCT+Bl—JR(s)ds
T

By the condition (4), we have

. pOTEOPEOX®) _
m===ew -

Thus, there exists T; > Tsuch that x'(t) < Ofor all
t = T, The condition (4) also implies that there exists
T, = T,such that

f;z p(s)(q(s) — p(s)) ds = Oand
Iy p(5)(q(s) = p(s))ds 2 0 fort = T,

Multiplying equation (1) byp(t), from the definitions of
the functions and condition (2), we get

PP ()X (1) + p(®h(®)x'(t)
+p(t)q(®)g(x(t)) = p(HH(t, x(t), x (t))
PP (®)x () + p(£)g(x(£)q(t)

< pg(x(®))p(), t = Ty (6)
Integrate the inequality (6) from T, to t we obtain

pOT (Y (x())x (1) < p(To)r (TP (x(T3))x (T2)
+ i p (SIr(s)p(x(s))x (s) ds

—g(x(®) . p(s)(a(s) —p(s)) ds

+ Jp 9 )X () f pw)(q(w) — p(w)duds

By the condition (1) and the Bonnet's theorem, for
t = T,there exists y, € [T,, t] such that

c2p(Or(®)x'() < p(T)r (TP (x(TR)x (Tz) +
c1p (T)r(T)[x(ve) — x(T)]

—9(x(®) i p(s)(q(s) = p(s)) ds

+ I, 9 ()X (5) [y p(w)(q(w) — p(w)) duds, t = T
Thus

c2p(Or(O)x () < p(T)T (TP (X(T))x (To), t 2 T,

Dividing the last inequality byp(t)r(t), integrate from
T,to t and the condition (3), we have
cx(t) < cx(T2)

+p(T2)r(T2)1/}(x(T2))x (T2) sz p(s)r(s)
as t = oo, that is a inconsistency to the fact that x(t) >

Ofor t = T. This complete the proof.

Theorem 2: Suppose that the condition (1) hold, and

o ds

®) [ — o S <k k>0

( ) fioo Yuw)du

e < woforalle > 0.

Furthermore, suppose that there exists a positive
continuous differentiable function p on the interval
[to,0) with p(t) is a non-decreasing function on the
interval[t,, oo)such that

(7)lim sup fT r(s)p(s)f p(w) [CI(U) p(u) —
h> ) ]duds = oo
4cikr(u) - !

where p: [tg,©) = (0, 0).

Thus, each solution of super-linear equation (1) is
oscillatory.
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Proof: Without loss of generality, we can suppose that
there exists a solution x(t)of equation (1) such that
x(t) > 0on|[T,o)forsomeT = t, = 0. Define

pOTOBEE D)
e®=""rGw =T

This and by the condition (1) and Eq. (1), we have

, h '
w () <p®p) — % —p(q(®)

P akpOrOE D)
R o N

Thus fort = T, we have

o (29) < p(ep) - p(©)a(e) -

p(t)
_cakpOr(®O)(x(1))*
g*(x(6))

p(OA()x ()
g(x(®)

, =T

p(®[q) —p®)] < _P(t)< ((t)))

p(®OA(E)x'(t)
g(x(@®)

3 cikp(D)r (1) (x'(£))? .

g*(x(®)) T

Integrate from T to t, we obtain

pr(S)[q(S)—P(S)] ds <J PG )<p((s))) *
ICICHC
r o g(x(s)
_ftclkp(s)T(S)(x’(S))2
r 9*(x(9)

ds, t=T

3 tP(S)h(S)+61kp(S)T(S)(x'(S))2
9(x(s)) 9% (x(s))

s X |
= - S
T p(s) h(s)

ci1kr(s)

ds

1
2

1 f p(s)h* (S)
4kc, r(s)

1 p(s)h? (s)

~ 4kcy J r(s)

By the Bonnet’s theorem, since p(t) is a non-decreasing
function on the interval[t,, «), there exists
T, € [T, t]such that

—MU((q=—mf((q
p(s) T\ p(s)

N o(s)
) tﬂ[mpmj 0

ot o(T)
o2y SR
p(t) p(T7)

From the inequalities (7) and (5) in the inequality (4), we
have

¢ W (s)
prﬂﬂﬂ—MQ—%ﬁﬂg
o® (),
=P POy
t hz (S)
fT p(s) [Q(S) —p(s) - Teikr () ds < —w(t)
(D),
P02

t h2
Lp@ﬂ«@—ﬂ@— S

—4c1kr(s)] ds < —w(t)

+p(t) ‘“E”)l

p(t)r(t) from T to t, taking the limit superior on both
sides and by conditions (5) and (6), we have

Integrating the last inequality divided by

. t 1 s
%L_tgsupr WL p(u) [CI(U) —-p(w)

LEON P
4ckr(s) uas
w(Ty)\ t ds x(t) Y (w)du
S llm sup {( )fT r(s) x(T) g(w) }

<o ast - o,

which contradicts to the condition (7). Hence, the proof
is completed.
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4  Discussion

A set of new oscillation conditions are stated and proved
which extend and improve previous oscillation criteria
and cover the cases which are not covered by known
results. Some of illustrative examples are provided to
show the applications of the oscillation criteria and the
comparisons between our results and previous results in
the literature.

Examplel: Consider the following differential equation

1/x(t) + 2\ . 5
(?(7x5(t)+1>x(t)> —t x(t)+(t+—) 5(6)

_ 2x12(t) sint cos(x'(£)+1) t>T
- (x7+1)t3 )

Here,

sint

2,q(t) = t+—g() =x°

2x12(t) sin t cos(x +1)

r(6) =4 h(t) =
H(t,x(8),x' (1)) =

(x7+1)t3 ’
forallx # Oand t > 0.
H(tx(®)x' () _ 2x'2(@) sint cos(x'+1) 1
ax() (7+1)t3 x5(t)
—= =p()

x0+2

forallx # O0and t > 0.y (x) = and

1<yx) <2forallx € R,
) 1 .
p() =t,p (Or(e) =7 >0,(p(O)h()) = —3t* <0

and(p'(Hr(®)) = (3) =2 < Oforallt > 0.
So, can note that

f p(scji(s) - fds =

0

2 1
R(s) =SZ+Sins_s_2_4A52

wa(s)ds = o,

0

All conditions of Theorem 1 are satisfied; thus,
the given equation is oscillatory.

Example2: Consider the following differential equation

( (x2(t) + 2) x'(t)> +xt(5t) TS

tA(x2(t) + 1)
x5(t) cos(x(t))
- ot

We note that

r(t) =3 () == PO o 0 gndl < P(x) < 2,

2(t)+1

forall x € R, (t) = =, and H(t;‘((;z't’)‘)“)) = 6O

1
< o= p(t)forall t >0 and x +# 0.

Let p(t) = tbsuch that

! PR
erlosupf WJT p(w) [q(u)—p(u)

h? (w)
B 4c1kr( )

. 1
= gl_)‘rﬁ sup f f - W] duds

sto 1 1 T 1

+ s T 72

] duds

= b
S P 1110 ~ 653 T 8eykTs?

| =

All conditions of Theorem?2 are satisfied and hence
each solution of the given equation is oscillatory.

+
4c,ksT

Remarkl: Theoreml and Theorem 2 extend and
improve results of (Elabbasy & Elzeine, 2011, Remili,
2008, and Results of Xhevair & Elisabeta, 2014).

Remark?2: Remili, (2008) has established some
oscillation results for Eq. (1) with ¥ (x(t)) = 1,4(t) =
1, these results required that r(t) < a, and

limian-tZ(s)ds >-1, (A>0)
T

t—ooo

for all large T; Z(s) = R(s)[q(s) — p(s)], which are not
required in Theorem 2.
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5 Conclusions

To sum up, a set of new oscillation conditions are stated
and proved which extend and improve previous
oscillation criteria and cover the cases which are not
covered by known results. Further, we introduced some
illustrative examples. Remarks were also included to
show the evidence of our main results.
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