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 In recent years, Unmanned Aerial Vehicles (UAVs), particularly 

quadrotor systems, have attracted considerable research interest 

owing to their vertical takeoff and landing capabilities, agility, 

and versatility in applications ranging from surveillance and 

environmental monitoring to search and rescue missions. The 

quadcopter is modeled as a six-degree-of-freedom (6-DOF) rigid 

body system with four rotors. Its dynamics are inherently 

nonlinear and strongly coupled, influenced by thrust forces, 

torques, gravitational forces, and aerodynamic effects. The 

Newton–Euler formulation is used to derive the translational and 

rotational equations of motion. 

This research introduced sliding mode controller to overcome 

suffering limitation of conventional PID controller. The 

simulation using matlab Simulink library and codes to simulate 

the proposed model.    

Simulation results are presented to validate the effectiveness of 

the proposed controller, highlighting improvements in trajectory 

tracking accuracy, robustness, and overall flight stability.  
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1. Introduction 

Unmanned Aerial Vehicles (UAVs), particularly quadcopters, have gained 

widespread attention in recent years due to their vertical takeoff and landing 

capabilities, agility, and versatility in applications ranging from surveillance and 

environmental monitoring to search and rescue missions. Despite their advantages, 

quadcopters are inherently nonlinear, strongly coupled, and highly sensitive to 

external disturbances such as wind gusts and payload variations [1]. These 

characteristics make accurate altitude regulation and trajectory tracking a 

challenging control problem. 

 Conventional control techniques, particularly Proportional–Integral–Derivative 

(PID) controllers, are widely adopted in UAV applications because of their 

straightforward design and relatively simple implementation. Nevertheless, their 

control performance may deteriorate in the presence of pronounced system 

nonlinearities and external disturbances that vary over time, which can reduce their 

reliability under challenging flight conditions [2]. 

To overcome these limitations, Sliding Mode Control (SMC) has been widely studied 

for quadcopter systems because of its robustness against uncertainties and external 

disturbances. SMC ensures system stability by driving the states to a predefined 

sliding surface using a high-gain switching control law, typically analyzed through 

Lyapunov-based methods [3,4].   

2. Related Work 

Quadcopter altitude and attitude control have received significant attention because 

of the system’s nonlinear dynamics, coupling effects, and sensitivity to external 

disturbances. Classical control methods, especially Proportional–Integral–

Derivative (PID) controllers, have been widely used due to their simple structure 

and ease of implementation. In [2], advanced tuning techniques such as the Cohen–

Coon method were applied to improve system response, stability, and disturbance 

rejection compared with conventional PID tuning methods. In addition, a nonlinear 

mathematical model based on the Newton–Euler formulation was developed to 

describe quadcopter dynamics accurately, and a PID controller was designed for 

altitude regulation while assuming stable attitude dynamics [5]. 

Simulation results in MATLAB/Simulink showed that PID controllers can provide 

satisfactory altitude tracking with small overshoot and stable hovering performance. 

The controller was also capable of tracking time-varying reference signals with 
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acceptable accuracy. However, PID-based methods may suffer from reduced 

performance under strong nonlinearities and external disturbances. 

To address these limitations, advanced nonlinear control techniques such as Sliding 

Mode Control (SMC) have been widely investigated. SMC provides strong 

robustness against uncertainties and disturbances while ensuring system stability 

using Lyapunov-based design methods [1], [4]. Nevertheless, conventional SMC 

may introduce chattering effects, which can reduce control smoothness and affect 

system performance. 

Several improved SMC approaches have been proposed to reduce chattering and 

enhance robustness. These include higher-order methods such as Super-Twisting 

SMC and hybrid PID-SMC controllers that improve tracking accuracy and 

disturbance rejection [6]. Observer-based techniques, including the Extended State 

Observer (ESO), have also been combined with SMC to estimate and compensate for 

disturbances in real time, reducing the requirement for high control gains and 

improving overall system stability [3]. 

Furthermore, adaptive and intelligent control methods such as adaptive 

backstepping control, fractional-order SMC, and neural network-based controllers 

have been introduced to improve adaptability and tracking performance under 

uncertain operating conditions [7], [8]. More advanced methods, including terminal 

sliding mode control combined with quaternion-based representations, were 

proposed to achieve finite-time convergence and avoid singularities in attitude 

control systems [9]. 

Despite these developments, challenges still remain regarding controller 

complexity, computational cost, and practical implementation. Therefore, achieving 

a balance between simplicity, robustness, and high tracking performance continues 

to be an important research direction in quadcopter control systems. 

3. Research Gap and Contribution 

Although many advanced control strategies have been proposed for quadcopter 

systems, most of these methods involve high computational complexity and difficult 

implementation, which reduce their suitability for practical applications. On the 

other hand, conventional controllers such as PID are simple and easy to implement 

but may not provide sufficient robustness against nonlinearities, parameter 

uncertainties, and external disturbances. Therefore, this study proposes a Sliding 

Mode Control (SMC) approach for quadcopter altitude regulation and trajectory 

tracking along a square path in the x-direction. The proposed controller utilizes the 
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robustness and disturbance-rejection capability of SMC to improve system stability 

and tracking performance under uncertain operating conditions. The main 

contributions of this work include simplifying the quadcopter mathematical model, 

achieving accurate altitude stabilization in the presence of external disturbances, 

ensuring precise trajectory tracking along a square path, and comparing the 

performance of conventional controllers with the proposed SMC approach. 

4. Methodology 

The research methodology is based on modeling the quadcopter system using the 

Newton–Euler equations to describe the vehicle dynamics. After developing the 

mathematical model, a Sliding Mode Controller (SMC) is designed to control the 

quadcopter altitude and track motion along the X-direction following a predefined 

path. MATLAB/Simulink simulations are used to evaluate the controller 

performance, and the obtained results are compared with those of the conventional 

PID controller in terms of stability, tracking accuracy, and disturbance rejection. 

4.1. Modeling of Quadcopter System: 

In this study, the quadcopter's orientation is described using Euler angles, namely 

roll (ϕ), pitch (θ), and yaw (ψ). The transformation between the inertial(earth) and 

body frames is represented by rotation matrices. By combining the rotations about 

the three coordinate axes, the overall rotation matrix is obtained and used to 

transform vectors between the two reference frames [5]. The rotational relationship 

between the body-fixed and inertial reference frames is illustrated in Fig. 1, while 

the corresponding trigonometric expressions and transformation matrices are 

presented in Equation (1). 
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Fig. 1. Rotation of the body-frame axes with respect to the corresponding inertial-frame 

axes. 

[

𝑏1

𝑏2

𝑏3

] = [
1 0 0
0 cs𝜙 sn𝜙
0 − sn𝜙 cs𝜙

] [
cs 𝜃 0 − sn𝜃
0 1 0

sn𝜃 0 cs 𝜃
] [

cs𝜓 sn𝜓 0
− sn𝜓 cs𝜓 0

0 0 1
] [

𝑥
𝑦
𝑧
]      (1) 

By multiplying the three rotation matrices, a single transformation matrix 𝑅𝑏 is 

obtained: 

[

𝑏1

𝑏2

𝑏3

] [

cs 𝜃 cs𝜓 cs 𝜃 sn𝜓 −sn𝜃
− cs𝜙 sn𝜓 + cs𝜓 sn𝜃 sn𝜙 cs𝜓 cs𝜙 + sn𝜃 sn𝜙 sn𝜓 cs 𝜃 sn𝜙
sn𝜓 sn𝜙 + cs𝜓 cs𝜙 sn𝜃 − sn𝜙 cs𝜓 + cs𝜙 sn𝜃 sn𝜓 cs 𝜃 cs𝜙

] [
𝑥
𝑦
𝑧
] (2)  

The transformation from the body frame to the inertial frame can be obtained using 

the inverse of the transformation matrix, hence  𝑅𝑖 is 

[
𝑥
𝑦
𝑧
] [

cs 𝜃 cs𝜓 −cs𝜙 sn𝜓 + cs𝜓 sn𝜃 sn𝜙 sn𝜓 sn𝜙 + cs𝜓 cs𝜙 sn𝜃
cs 𝜃 sn𝜓 cs𝜓 cs𝜙 + sn𝜃 sn𝜙 sn𝜓 −sn𝜙 cs𝜓 + cs𝜙 sn𝜃 sn𝜓
− sn𝜃 cs 𝜃 sn𝜙 cs 𝜃 cs𝜙

] [

𝑏1

𝑏2

𝑏3

] (3) 

Where: cs 𝜃 is  cos 𝜃 , and sn 𝜃 is sin 𝜃. 

4.1.1. Newton’s Second Law of Motion 

The mathematical models describing the translational and rotational behavior of the 

system in Equation (4) are established based on Newton’s second law of motion. 

This fundamental principle indicates that the resultant external force acting on an 

object corresponds to the time derivative of its linear momentum [5]. For a body of 

constant mass, this principle can be represented mathematically as: 

𝐹 =
𝑑𝑃

𝑑𝑡
= 𝑚

𝑑𝑉

𝑑𝑡
= 𝑚𝑎                   (4) 

 In rotational motion, the angular momentum of a rigid body is determined by the 

cross product of its position vector and linear momentum. Accordingly, the angular 

momentum can be written as: 

𝐻 = 𝑟 × 𝐹 =𝑟 × 𝑚
𝑑𝑉

𝑑𝑡
              (5) 

 The rotational effect produced by an applied force is described by the moment 

(torque), which is defined as the time rate of change of angular momentum. 

Therefore, the governing relationship is expressed as: 

 

𝑀 =
𝑑𝐻

𝑑𝑡
                     (6) 

For rotation about a fixed axis, this relationship can be simplified to: 
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𝑀 =  𝐼
𝑑ω

𝑑𝑡
= 𝐼𝜔̇                     (7) 

 

Where 𝐹 denotes the resultant applied force, 𝑃 represents linear momentum, 𝑚 is  

the  mass of the vehicle, and 𝑎 denotes its linear acceleration. 

Furthermore,𝑉represents linear velocity,  𝑟 is the position  vector, and 𝐻 denotes 

angular momentum. The rotational quantities -include𝑀, representing the applied 

moment,𝐼, denoting the moment of inertia about the considered axis, ω, representing 

angular velocity, and  ω̇, indicating angular acceleration. 

 

4.1.2. Thrust Equations  

The thrust generated by each of the four motors is mathematically expressed by the 

corresponding equations presented in Equations (8)–(11). 

 

-Vertical thrust. 

𝑈1 = 𝑏(𝑤1
2 + 𝑤2

2 + 𝑤3
2 + 𝑤4

2)                    (8) 

-Roll thrust. 

𝑈2 = 𝑏𝑠𝑖𝑛(
𝑝𝑖

4
)(𝑤1

2 − 𝑤2
2 − 𝑤3

2 + 𝑤4
2)                  (9) 

-Pitch thrust. 

𝑈3 = 𝑏𝑠𝑖𝑛(
𝑝𝑖

4
)(−𝑤1

2 − 𝑤2
2 + 𝑤3

2 + 𝑤4
2)               (10) 

-Yaw thrust. 

𝑈4 = 𝑑(𝑤1
2 − 𝑤2

2 + 𝑤3
2 − 𝑤4

2)                              (11) 

 The combined angular velocity of the four propellers is determined mathematically 

using Equation (12). 

𝜔5  =  𝜔1  −  𝜔2  +  𝜔3  −  𝜔4                  (12) 

4.1.3. Moments of Inertia 

The moment of inertia represents the resistance of the quadcopter to rotational 

motion. For a symmetrical vehicle, the moments of inertia about the three axes are 

described  as follows: 
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𝐼 = [

𝐼𝑥𝑥 0 0
0 𝐼𝑦𝑦 0

0 0 𝐼𝑧𝑧

]               (13) 

𝐼𝑥𝑥, 𝐼𝑦𝑦 𝑎𝑛𝑑 𝐼𝑧𝑧 represent the moments of inertia about the principal axes of the body 

frame. Since quadcopters usually operate at low altitudes, the air density is assumed 

to remain constant during operation [5]. 

𝐼𝑧𝑧 = (
1

3
×

𝑀

4
× 𝑙2) × 4        (14) 

𝐼𝑧𝑧 = (
1

3
×

0.944

4
× 0.2302) × 4 

𝐼𝑧𝑧 = 0.0166𝑘𝑔𝑚2 

𝐼𝑥𝑥 = 𝐼𝑦𝑦 = 0.0071𝑘𝑔𝑚2                 (15) 

Where: 𝑚 = 𝑚𝑎𝑠𝑠 𝑜𝑓 𝑣ℎ𝑖𝑐𝑎𝑙=0.944kg and  𝑙=length of vehicle=0.230m. 

To estimate the propeller moment of inertia, one half of the propeller is divided into 

three sections, as illustrated in Fig. 2.  

 

Fig.2: Propeller divided into three parts. 

The moment of inertia of each section is then calculated using equation (16) and 

equation (17), and the total propeller moment of inertia )𝐼𝑝), table (1), is obtained by 

summing the contributions of all sections [5]. 

𝐼 = 𝑚((
ℎ2

12
) + (

𝑤2

12
))                         (16) 

𝐼𝑝 = 2(𝐼1 + 𝐼2 + 𝐼3)                         (17) 

Table 1: Propeller's parts properties 

Part Mass(g) Width(cm) Height(cm) r(cm),distance from the shaft 

I 1.7 3 2.5 9 

II 2.6 4.4 2.8 5 

III 1.2 5 1.2 0 

Ip 3kgm5-4.439*10    

 

4.1.4. Thrust Coefficient  

Under steady-state hovering conditions, the quadcopter maintains equilibrium 

when the combined thrust generated by its four rotors counteracts the gravitational 

force acting on the vehicle. Assuming an equal distribution of the lifting force among 

all rotors, each motor is required to generate a thrust equivalent to one-fourth of the 
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vehicle's total weight [5,6]. According to the aerodynamic thrust model, the force 

generated by an individual rotor depends on the thrust coefficient and the square of 

its rotational speed. Accordingly, the thrust can be mathematically formulated as 

follows: 

𝑈1 = 4𝑏ω2                          (18) 

                                            𝑏 =
0.944×9.8

4×12502 =1.480 × 10−6𝑘𝑔𝑚2        

4.1.5. Rotor Inertia 

 Equation (19) provides the mathematical representation of the rotor's moment of 

inertia. 

 

Jr =
1

2
× 𝑚𝑟R

2                               (19) 

                               Jr =
1

2
× (0.047 × 0.2152) = 1.086 × 10−3𝑘𝑔𝑚2       

Where: 𝑚𝑟 = mass of the motor = 0.047Kg and R= the dimension of the motor on the 

quadacopter axis=0.215m      

 

4.1.6. Rotational dynamics 

The rotational dynamics of the quadcopter are described by Euler’s equations for a 

rigid body. These equations relate the body angular velocities to the applied control 

torques, external disturbance torques, and gyroscopic coupling effects. Assuming a 

diagonal inertia matrix, the rotational dynamics can be expressed as 

𝐼𝜔. + 𝜔 × (𝐼𝜔) = 𝜏𝑐 + 𝜏𝑑                     (20) 

Where I=diag(𝐼𝑥𝑥, 𝐼𝑦𝑦, 𝐼𝑧𝑧 ) is the inertia matrix, ω=[p  q  r]T is the body angular 

velocity vector, 𝜏c = [𝜏ϕ, 𝜏𝜃, 𝜏𝜓]T represents the control torques, and= [𝑑ϕ, 𝑑𝜃, 𝑑𝜓]T  

denotes the external disturbance torques. 

Expanding (20) along the three body-fixed axes yields 

𝐼𝑥𝑥𝑝́ + (𝐼𝑧𝑧 − 𝐼𝑦𝑦)𝑞𝑟 = 𝜏𝜙 + 𝑑𝜙 

𝐼𝑦𝑦𝑞́ + (𝐼𝑥𝑥 − 𝐼𝑧𝑧)𝑝𝑟 = 𝜏𝜃 + 𝑑𝜃 

𝐼𝑧𝑧𝑟́ + (𝐼𝑦𝑦 − 𝐼𝑥𝑥)𝑝𝑞 = 𝜏𝜓 + 𝑑𝜓 

Therefore, the angular accelerations are given by 
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𝑝́ =
(𝐼𝑦𝑦−𝐼𝑧𝑧)𝑞𝑟+𝜏𝜙+𝑑𝜙

𝐼𝑥𝑥
                       (21. 𝑎) 

𝑞́ =
(𝐼𝑧𝑧−𝐼𝑥𝑥)𝑝𝑟+𝜏𝜃+𝑑𝜃

𝐼𝑦𝑦
                       (21. 𝑏) 

𝑟́ =
(𝐼𝑥𝑥−𝐼𝑦𝑦)𝑝𝑞+𝜏𝜓+𝑑𝜓

𝐼𝑧𝑧
                       (21. 𝑐) 

For the commonly adopted ZYX Euler-angle convention, the relationship between 

the body angular velocity vector ω=[p  q  r]T and the Euler-angle rates is expressed 

as 

[
𝑝
𝑞
𝑟
] = [

1 0 −𝑠𝑖𝑛 𝜃
0 𝑐𝑜𝑠 𝜙 𝑠𝑖𝑛𝜙 𝑐𝑜𝑠 𝜃
0 − 𝑠𝑖𝑛 𝜙 𝑐𝑜𝑠 𝜙 𝑐𝑜𝑠 𝜃

] [
𝛷̇
𝜃̇
𝜓̇

]    

   

𝑝 = 𝛷̇ − 𝜓̇ 𝑠𝑖𝑛 𝜃                        (22. 𝑎) 

𝑞 = 𝜃̇ 𝑐𝑜𝑠 𝜙 + 𝜓̇𝑠𝑖𝑛𝜙 𝑐𝑜𝑠 𝜃      (22. 𝑏) 

𝑟 = −𝜃̇ 𝑠𝑖𝑛 𝜙 + 𝜓̇ 𝑐𝑜𝑠 𝜙 𝑐𝑜𝑠 𝜃        (22.c) 

By inverting the transformation matrix, the Euler-angle rates can be obtained as 

  

[
𝛷̇
𝜃̇
𝜓̇

] = [

1 𝑠𝑖𝑛𝜙 𝑡𝑎𝑛 𝜃 𝑐𝑜𝑠 𝜙 𝑡𝑎𝑛 𝜃
0 𝑐𝑜𝑠 𝜙 −𝑠𝑖𝑛 𝜙

0
𝑠𝑖𝑛𝜙

𝑐𝑜𝑠 𝜃

𝑐𝑜𝑠 𝜙

𝑐𝑜𝑠 𝜃

] [
𝑝
𝑞
𝑟
] 

Consequently, 

𝛷̇ = 𝑝 + 𝑞 𝑠𝑖𝑛 𝜙 𝑡𝑎𝑛 𝜃 + 𝑟 𝑐𝑜𝑠 𝜙 𝑡𝑎𝑛 𝜃                    (23. 𝑎) 

𝜃̇ = 𝑞 𝑐𝑜𝑠 𝜙 − 𝑟𝑠𝑖𝑛𝜙                                                    (23. 𝑏) 

𝜓̇ =
𝑞𝑠𝑖𝑛 𝜙+𝑟 𝑐𝑜𝑠𝜙

𝑐𝑜𝑠𝜃
                                                          (23.c) 

Differentiating these equations with respect to time gives the angular accelerations 

associated with the Euler angles. Under the small-angle approximation, where 𝜙 =0 

and 𝜓=0, the kinematic relationships will simplified. In particular, differentiating Eq. 

(23.a) yields  

Φ̈ = 𝑝̇ +  𝑞̇𝑠𝑖𝑛 𝜙 tan𝜙 + 𝑟̇ cos𝜙 tan𝜃 + Φ̇(𝑞𝑐𝑜𝑠𝜙 − 𝑟𝑠𝑖𝑛𝜙)𝑡𝑎𝑛𝜃 + +(𝑞𝑠𝑖𝑛𝜙 + 𝑟𝑐𝑜𝑠𝜙)𝑠𝑒𝑐2 𝜃𝜃̇   

When 𝜙 =0, 𝜓=0 

𝛷̈ = 𝑝̇ + (𝑟𝑐𝑜𝑠𝜙)𝑠𝑒𝑐2 𝜃𝜃̇                           (24) 

Substitute (21.a) and (21.c) into (24), yields 
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Φ̈ =
𝜃̇𝜓̇(𝐼𝑦𝑦 − 𝐼𝑧𝑧) + 𝜏𝜙 + 𝑑𝜙

𝐼𝑥𝑥
 

𝜏𝜙 = 𝐼(𝑈2) ,         𝑑𝜙 = 𝐽𝑟𝜃̇𝑤 

Hence, 

                                                        Φ̈ =
𝜃̇𝜓̇(𝐼𝑦𝑦−𝐼𝑧𝑧)+𝐽𝑟𝜃̇𝑤+𝐼(𝑈2)

𝐼𝑥𝑥
                       (25) 

Differentiating Eq. (23.b) yields 

𝜃̈ = 𝑞̇𝑐𝑜𝑠𝜙 − 𝑟̇𝑠𝑖𝑛 𝜙 − Φ̇(𝑞𝑠𝑖𝑛𝜙 + 𝑟𝑐𝑜𝑠𝜙) 

When 𝜙 =0 and   𝜓=0, yields  

𝜃̈ = 𝑞̇   − Φ̇𝑟𝑐𝑜𝑠𝜙     (26)  

Substitute (21.b), (22.c) and (23.a) into (26), yields 

𝜃̈ =
Φ̇𝜓̇(𝐼𝑧𝑧 − 𝐼𝑥𝑥) + 𝜏𝜃 + 𝑑𝜃

𝐼𝑦𝑦
                           

𝜏𝜃 = 𝐼(𝑈3),            𝑑𝜃 = 𝐽𝑟Φ̇𝑤 

Hence, 

 

                             𝜃̈ =
Φ̇𝜓̇(𝐼𝑧𝑧−𝐼𝑥𝑥)+𝐽𝑟Φ̇𝑤+𝐼(𝑈3)

𝐼𝑦𝑦
        (27) 

Differentiating Eq. (23.c) yields 

 

 

𝜓̈ =
𝑞̇ 𝑠𝑖𝑛𝜙 + 𝑟̇𝑐𝑜𝑠𝜙

𝑐𝑜𝑠𝜃
+

Φ̇(q𝑐𝑜𝑠𝜙 − 𝑟𝑠𝑖𝑛𝜙)

𝑐𝑜𝑠𝜃
+

(q𝑠𝑖𝑛𝜙 + 𝑟𝑐𝑜𝑠𝜙)𝑠𝑖𝑛𝜃

𝑐𝑜𝑠2𝜃
 

 

When 𝜙 =0 and   𝜓=0,   

𝜓̈ = 𝑟̇ + Φ̇𝑞       (28) 

Substitute (21.c), (22.b) and (23.a) into (28), yields 

𝜓̈ =
𝜃̇Φ̇(𝐼𝑥𝑥 − 𝐼𝑦𝑦) + 𝜏𝜃 + 𝑑𝜃

𝐼𝑧𝑧
 

 𝜏𝜃 = 𝐼(𝑈4),                           𝑑𝜃=𝐽𝑟Φ̇𝑤 

                                                           𝜓̈ =
𝜃̇Φ̇(𝐼𝑥𝑥−𝐼𝑦𝑦)+𝐼(𝑈4)

𝐼𝑧𝑧
                             (29) 
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4.1.7. Translational dynamics: 

The linear acceleration can obtained depending in second newton law, equation (4). 

The translational dynamics of the quadcopter are derived from Newton’s second 

law, which states that the resultant external force acting on the vehicle equals its 

mass multiplied by its linear acceleration. Accordingly, 

                                                                       𝑟̈ =
1

𝑚
[𝐹𝑇

𝑖 + 𝐹𝑔 + 𝑚𝑑]          (30) 

Where 𝑟 = [𝑥, 𝑦, 𝑧]𝑇 is the position vector in the inertial frame, (𝐹𝑇) is the total thrust 

vector, (𝐹𝑔) is the gravitational force, and (𝑑) represents the equivalent external 

disturbances per unit mass. 

The total thrust generated by the four propellers is defined as 

𝑈1 = ∑𝐹𝑖

4

𝑖=1

           (31) 

Where (𝐹𝑖) denotes the thrust produced by the (i)-th propeller. The thrust vector is 

transformed from the body frame 𝐹𝑇
𝑏to the inertial frame 𝐹𝑇

𝑖  using the rotation matrix 

determined by the Euler angles. 

𝐹𝑇
𝑖 = 𝑅𝑖𝐹𝑇

𝑏             , 𝐹𝑇
𝑏 = [

0
0
𝑈1

]                    

 

𝐹𝑇
𝑖 = [

(sinΦ sinψ) + (cosΦ cosψ sin𝜃)
(sinΦ cosψ) + (cosΦ sinψ sin𝜃)

(cos𝜃cosΦ)
] 𝑈1       (32) 

By applying Newton’s second law along the three inertial axes, the translational 

accelerations can be obtained as functions of the total thrust, vehicle orientation, 

gravity, and external disturbances. 

                                    𝑋̈ =
(sinΦsinψ)+(cosΦcosψsin𝜃)U1−𝑑𝑥

𝑚
                           (33) 

                                    𝑌̈ =
−(sinΦcosψ)+(cosΦsinψsin𝜃)U1−𝑑𝑦

𝑚
                        (34) 

𝑍̈ =
(cos 𝜃cosΦ)U1 − (mg) − 𝑑𝑧

𝑚
                                (35) 

To simulate the quadcopter motion in both altitude and x-direction, a simplified 

translational dynamic model is considered by assuming the rolling angle, Φ =

0 and yawing angle, ψ = 0, and pitching angel, 0≤θ≤45∘.  Based on these 

assumptions, the system model is developed using Eq.(36) and (37) to simplify the 

control design and simulation process. 
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𝑋̈ =
(sin𝜃)U1

𝑚
+ 𝑑𝑥                                          (36) 

Where 𝑑𝑥 represents the aerodynamic disturbance in the x-direction, defined as 

𝑑𝑥 = −
𝐴𝑥𝑥̇

𝑚
,        |𝑑𝑥| ≤ 𝑑𝑥

̅̅ ̅, 𝑑𝑥
̅̅ ̅ =

𝐴𝑥

𝑚
𝜗𝑥,𝑚𝑎𝑥 

Where 𝐴𝑥 denotes the aerodynamic drag coefficient, and 𝜗𝑥, 𝑚𝑎𝑥 is the maximum 

velocity in the x-direction. 

Similarly, 

                𝑍̈ =
(cos 𝜃)U1

𝑚
− 𝑔 + 𝑑𝑧                              (37) 

Where 𝑑𝑧 represents the aerodynamic disturbance in the z-direction, defined as  

𝑑𝑧 = −
𝐴𝑧𝑧̇

𝑚
,        |𝑑𝑧| ≤ 𝑑𝑧

̅̅ ̅, 𝑑𝑧
̅̅ ̅ =

𝐴𝑧

𝑚
𝜗𝑧, 𝑚𝑎𝑥 

Where 𝐴𝑧 denotes the aerodynamic drag coefficient, and 𝜗𝑧 , 𝑚𝑎𝑥 is the maximum 

velocity in the z-direction. 

 

4.2. Sliding Mode Controller Designing  

A Sliding Mode Controller (SMC) is proposed to achieve robust altitude stabilization 

and trajectory tracking of the quadcopter in the presence of external disturbances. 

Specifically, the proposed SMC is designed to regulate the altitude 𝑧, track the 

square-path trajectory in the 𝑥-direction, and control the pitch angle 𝜃. The tracking 

error vector is defined as 

                             [

𝑒𝑥

𝑒𝑧

𝑒𝜃

] = [

𝑥 − 𝑥𝑑

𝑧 − 𝑧𝑑

𝜃 − 𝜃𝑑

] → [

𝑒𝑥
′

𝑒𝑧
′

𝑒𝜃′
] = [

𝑥′ − 𝑥𝑑
′

𝑧′ − 𝑧𝑑
′

𝜃′ − 𝜃𝑑′

] → 

                                                                                              [

𝑒𝑥
′′

𝑒𝑧
′′

𝑒𝜃
′′
] = [

𝑥′′ − 𝑥𝑑′′

𝑧′′ − 𝑧𝑑
′′

𝜃′′ − 𝜃𝑑′′

]           (38) 

Where the corresponding tracking errors are defined with respect to the desired 

trajectories. The sliding surfaces for the 𝑥-position, altitude, and pitch angle are 

selected as 

[

𝑠𝑥

𝑠𝑧

𝑠𝜃

] = [

𝑒𝑥
′ + 𝜆𝑥𝑒𝑥

𝑒𝑧
′ + 𝜆𝑧𝑒𝑧

𝑒𝜃
′ + 𝜆𝜃𝑒𝜃

]        (39) 
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Where  𝜆𝑥 , 𝜆𝑧 𝑎𝑛𝑑 𝜆𝜃 are positive design parameters that determine the convergence 

rate of the corresponding tracking errors.  

Taking the time derivative of the sliding surfaces yields 

[

𝑠𝑥′

𝑠𝑧
′

𝑠𝜃
′
] = [

𝑒𝑥
′′ + 𝜆𝑥𝑒𝑥′

𝑒𝑧
′′ + 𝜆𝑧𝑒𝑧

′

𝑒𝜃
′′ + 𝜆𝜃𝑒𝑧′

]       (40) 

Substituting (38) into (40) gives 

  [

𝑠𝑥′

𝑠𝑧
′

𝑠𝜃′

] = [

𝑥′′ − 𝑥𝑑′′ + 𝜆𝑥𝑒𝑥′

𝑧′′ − 𝑧𝑑
′′ + 𝜆𝑧𝑒𝑧′

𝜃′′ − 𝜃𝑑′′ + 𝜆𝜃𝑒𝜃′

]             (41) 

By substituting the quadcopter dynamics given in (36) and (37) into (41), the sliding-

surface dynamics can be expressed as 

[

𝑠𝑥′

𝑠𝑧
′

𝑠𝜃′

] =  

[
 
 
 
 

𝑠𝑖𝑛(𝜃)𝑈1

𝑚
− 𝑥𝑑

′′ + 𝜆𝑥𝑒𝑥
′ + 𝑑𝑥

𝑐𝑜𝑠(𝜃)𝑈1

𝑚
− 𝑔 − 𝑧𝑑

′′ + 𝜆𝑧𝑒𝑧 + 𝑑𝑧

𝐼∗𝑈3

𝐼𝑦𝑦
− 𝜃𝑑′′ + 𝜆𝜃𝑒𝜃′ + 𝑑𝜃 ]

 
 
 
 

          (42) 

The control input is designed according to the conventional SMC structure 

𝑢𝑆𝑀𝐶 = 𝑢𝑒𝑞 + 𝑢𝑠𝑤                         (43) 

Where 𝑢𝑒𝑞 denotes the equivalent control component, which is responsible for 

maintaining the system motion on the sliding manifold, while 𝑢𝑠𝑤 denotes the 

switching control component, which drives the system trajectories toward the 

sliding manifold and provides robustness against bounded disturbances. To 

alleviate the chattering phenomenon associated with the discontinuous switching 

term, the conventional sign function is replaced by a saturation function. This 

modification improves the smoothness of the control input while preserving the 

robustness characteristics of the sliding-mode controller. 

The equivalent control component is obtained by imposing the ideal sliding 

condition 

𝑠𝑖 = 0,                        𝑠𝑖′=0, 

Where 𝑖 ∈ {𝑥, 𝑧, 𝜃}. Therefore, setting the derivative of each sliding surface to zero 

and solving for the corresponding control input yields 
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[

𝑠𝑥′

𝑠𝑧
′

𝑠𝜃′

] =  

[
 
 
 
 
 
 

𝑠𝑖𝑛(𝜃)𝑈𝑒𝑞,𝑥

𝑚
− 𝑥𝑑

′′ + 𝜆𝑥𝑒𝑥
′

𝑐𝑜𝑠(𝜃)𝑈𝑒𝑞,𝑧

𝑚
− 𝑔 − 𝑧𝑑

′′ + 𝜆𝑧𝑒𝑧

𝐼 ∗ 𝑈𝑒𝑞,𝜃

𝐼𝑦𝑦
− 𝜃𝑑′′ + 𝜆𝜃𝑒𝜃′

]
 
 
 
 
 
 

= [
0
0
0
]  → 

[

𝑈𝑒𝑞,𝑥

𝑈𝑒𝑞,𝑧

𝑈𝑒𝑞,𝜃

] =  

[
 
 
 
 

𝑚

𝑠𝑖𝑛(𝜃)
(𝑥𝑑

′′ − 𝜆𝑥𝑒𝑥
′ )

𝑚

𝑐𝑜𝑠(𝜃)
(𝑔 + 𝑧𝑑

′′ − 𝜆𝑧𝑒𝑧)

𝐼

𝐼𝑦𝑦
(𝜃𝑑

′′ − 𝜆𝜃𝑒𝜃′)
]
 
 
 
 

                         (44) 

The switching control component is selected as 

                                 𝑢𝑠𝑤,𝑖 = −𝑘𝑖𝑠𝑎𝑡 (
𝑠𝑖

∅𝑖
)             → 

[

𝑈𝑠𝑤,𝑥

𝑈𝑠𝑤,𝑧

𝑈𝑠𝑤,𝜃

] =  

[
 
 
 
 
 
 
−𝑚𝑘𝑥

𝑠𝑖𝑛(𝜃)
𝑠𝑎𝑡(

𝑠𝑥

∅𝑥
)

−𝑚𝑘𝑧

𝑐𝑜𝑠(𝜃)
𝑠𝑎𝑡(

𝑠𝑧

∅𝑧
)

−𝐼𝑘𝜃

𝐼𝑦𝑦
𝑠𝑎𝑡(

𝑠𝜃

∅𝜃
)

]
 
 
 
 
 
 

                                          (45) 

Where 𝑘𝑖 > 0 denotes the sliding-mode gain and ∅𝑖 > 0 represents the boundary-

layer thickness associated with the saturation function. Substituting the switching 

control law (45) into the sliding-surface dynamics (42) yields the following closed-

loop sliding dynamics: 

[

𝑠𝑥′

𝑠𝑧
′

𝑠𝜃′

] =  

[
 
 
 
 −𝑘𝑥𝑠𝑎𝑡 (

𝑠𝑥

∅𝑥
) + 𝑑𝑥

−𝑘𝑧𝑠𝑎𝑡(
𝑠𝑧

∅𝑧
) + 𝑑𝑧

−𝑘𝜃𝑠𝑎𝑡 (
𝑠𝜃

∅𝜃
) + 𝑑𝑧]

 
 
 
 

                   (46) 

These closed-loop dynamics form the basis for the subsequent Lyapunov stability 

and robustness analysis. 

4.3. Stability of the Controlled System 

To analyze the stability of the proposed closed-loop control system, the following 

positive-definite Lyapunov candidate function is selected: 

𝑉 =
1

2
(𝑆𝑥

2 + 𝑆𝑧
2 + 𝑆𝜃

2)                  (47) 
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where 𝑆𝑥,  𝑆𝑧 , and 𝑆𝜃 denote the sliding variables associated with the x-position, 

altitude, and pitch-angle tracking errors, respectively. Clearly, 

𝑉 > 0, →        𝑆 ≠ 0, 

And 

𝑉 = 0,       →        𝑆 = 0, 

Where  

𝑆 = [𝑆𝑥  𝑆𝑧   𝑆𝜃] 𝑇 

Therefore, 𝑉 is positive definite with respect to the sliding-variable vector S. 

The rate of change of the Lyapunov function, evaluated along the closed-loop 

system trajectories, can be expressed as follows: 

𝑉́ = 𝑆𝑥𝑆𝑥́ + 𝑆𝑧𝑆𝑧́ + 𝑆𝜃𝑆𝜃́                  (48)  ́  

Substituting (46) into (48) gives 

𝑉́ = −𝑘𝑥𝑆𝑥𝑠𝑎𝑡 (
𝑠𝑥

∅𝑥
) − 𝑘𝑧𝑆𝑧𝑠𝑎𝑡 (

𝑠𝑧

∅𝑧
) − 𝑘𝜃𝑆𝜃𝑠𝑎𝑡 (

𝑠𝜃

∅𝜃
) + 𝑆𝑥𝑑𝑥 + 𝑆𝑧𝑑𝑧 + 𝑆𝜃𝑑𝜃         (49) 

Assume that the aerodynamic disturbances are bounded, such that 

|𝑑𝑥| ≤ 𝑑𝑥
̅̅ ̅ , |𝑑𝑧| ≤ 𝑑𝑧

̅̅ ̅,      |𝑑𝜃| ≤ 𝑑𝜃
̅̅̅̅              (50) 

Outside the boundary layer, i.e., for|𝑆𝑖| > ∅𝑖, the saturation function satisfies 

∵ 𝑠𝑎𝑡 (
𝑠𝑖

∅𝑖
) = 𝑠𝑖𝑔𝑛(𝑆𝑖)                   

Therefore,  

𝑆𝑖𝑠𝑎𝑡 (
𝑠𝑖

∅𝑖
) = |𝑆𝑖| 

Furthermore, since  𝑠𝑖𝑑𝑖 ≤ |𝑠𝑖||𝑑𝑖| ≤ |𝑠𝑖|𝑑𝑖 
̅̅ ̅ , 

The derivative of the Lyapunov function satisfies 

𝑉́ ≤ −𝑘𝑥|𝑆𝑥| − 𝑘𝑧|𝑆𝑧| − 𝑘𝜃|𝑆𝜃| + 𝑑𝑥
̅̅ ̅|𝑆𝑥| + 𝑑𝑧

̅̅ ̅|𝑆𝑧| + 𝑑𝜃
̅̅̅̅ |𝑆𝜃| 

𝑉́ ≤ −(𝑘𝑥 − 𝑑𝑥
̅̅ ̅)|𝑆𝑥| − (𝑘𝑧 − 𝑑𝑧

̅̅ ̅)|𝑆𝑧| − (𝑘𝜃 − 𝑑𝜃
̅̅̅̅ )|𝑆𝜃|                   (51) 

Hence, by selecting the sliding-mode gains such that 
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𝑘𝑥 > 𝑑𝑥
̅̅ ̅,     𝑘𝑧 > 𝑑𝑧

̅̅ ̅,   𝑘𝜃 > 𝑑𝜃
̅̅̅̅          (52) 

It follows that  

𝑉́ < 0,            𝑠 ≠ 0     (53) 

5.  Simulation Setup and Results Discussion 

The proposed Sliding Mode Controller (SMC) was implemented in 

MATLAB/Simulink to evaluate the altitude stabilization and trajectory tracking 

performance of the quadcopter under model uncertainties and external disturbances 

(air resistance). The controller was designed based on the nonlinear quadcopter 

dynamics, while the same reference trajectory and simulation conditions were used 

for both the SMC and PID controllers to ensure a fair performance comparison. 

Amore detailed description of the simulation model shown in Fig.3 can be found in 

[5].  

 

Fig. 3: SMC for quadcopter simulation model. 

Fig. 4 presents the altitude response of the proposed SMC. The quadcopter reaches 

the desired altitude of 3 m with a smooth transient response, limited overshoot, and 

stable steady-state behavior.  

The corresponding tracking error shown in Fig. 5 gradually converges to zero, 

indicating accurate altitude regulation and effective disturbance rejection.  

 

 

 

 

 

  

Fig.4: quadcopter altitude response of SMC 

system. 

 

 

Fig.5: error deviation of quadcopter 

altitude system. 
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Fig.6 and Fig.7 illustrate the acceleration and velocity responses along the altitude 

axis. Both variables converge to zero after the transient period, confirming stable 

hovering conditions and the absence of residual oscillations at steady state. 

  

 

 

 

 

A comparison between the SMC and the conventional PID controller is presented in 

Fig.8. The proposed SMC exhibits faster convergence, reduced oscillations, and 

improved robustness compared with the PID controller. The altitude tracking error 

shown in Fig.9 decreases more rapidly under the SMC, demonstrating its superior 

tracking accuracy 

 

 

 

 

 

The tracking performance along the 𝑥 -direction is shown in Fig.10. The proposed 

SMC accurately follows the prescribed step reference while maintaining a fast 

transient response and negligible steady-state error. In contrast, the PID controller 

exhibits slower convergence and larger deviations during reference changes. The 

corresponding tracking errors are presented in Fig.11, where the SMC consistently 

achieves lower tracking errors than the PID controller. 

 

 

 

 

The altitude tracking comparison during the complete mission is illustrated in 

Fig.12. The proposed SMC successfully regulates the altitude during both ascending 

 

Fig.7: decreasing velocity until reaching preset 

altitude. 

 

 

Fig.6: decreasing acceleration to zero means 

altitude stabilization. 

 

 

Fig.9: error altitude deviation of PID and SMC.  

 

 

Fig.8: comparison performance of PID and SMC. 

 

 

Fig.11. error deviation of quadcopter in the 

X-direction of PID and SMC.  

 

 

Fig. 10. Position tracking performance in the x-

direction. 
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and descending maneuvers with fast convergence and limited overshoot. The 

corresponding altitude tracking error shown in Fig.13 confirms the improved 

accuracy of the SMC compared with the PID controller. 

 

 

 

 

 

The pitch angle response generated by the proposed controller is shown in Fig14. 

The pitch angle remains within acceptable operating limits and changes smoothly 

during horizontal motion to generate the required translational force before 

returning to its equilibrium value. 

 

Fig.14. Pitch angle response during trajectory tracking. 

The total thrust generated by the controller is illustrated in Fig.15. The thrust input 

varies according to the altitude and trajectory requirements while remaining 

bounded throughout the simulation, ensuring stable flight performance. 

 

Fig.15. Total thrust control input U1. 

Fig.16 presents the pitch control torque. The controller generates the required 

corrective torque during attitude adjustments while maintaining a smooth and 

bounded control signal, which contributes to stable attitude regulation. 

 

Fig. 13. Altitude tracking error of the 

quadcopter. 

 

 

Fig. 12. Altitude tracking response of the 

quadcopter. 
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Fig.16. Pitch control torque U3. 

The actual and desired trajectories in the 𝑥 − 𝑧 plane are compared in Fig.17. The 

proposed SMC closely follows the reference trajectory with only small deviations 

during transition intervals, confirming accurate trajectory tracking and stable flight 

performance. 

 

 

 

 

 

 

 

 

The acceleration responses of both controllers are compared in Fig.18. The SMC 

exhibits a faster transient response with well-controlled acceleration profiles, 

whereas the PID controller shows slower dynamic behavior during reference 

changes. 

 

  

 

 

 

The velocity responses in the X- and Z-directions are presented in Fig.19 and Fig.20, 

respectively. In both directions, the SMC reaches the desired motion more rapidly 

and settles faster than the PID controller, demonstrating improved dynamic 

performance and enhanced tracking capability. 

 

Fig.17. Actual and desired trajectory of the quadcopter in the X–Z plane. 

 

 

Fig.18.SMC and PID acceleration comparison. 
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Table 2 summarizes the performance comparison between the proposed Sliding 

Mode Controller (SMC) and the conventional PID controller. The results indicate 

that the PID controller provides a faster initial response and lower average tracking 

error, as reflected by the lower rise time, RMSE, and ISE values. In contrast, the SMC 

achieves a shorter settling time, eliminates overshoot, and exhibits negligible steady-

state error, demonstrating superior tracking accuracy after the transient phase. 

Furthermore, the lower IAE and ITAE values obtained by the SMC indicate a 

reduced accumulated tracking error and faster attenuation of persistent errors over 

time. Overall, the results demonstrate the expected trade-off between the two 

control strategies: the PID controller offers smoother transient performance, whereas 

the proposed SMC provides higher steady-state accuracy and stronger robustness, 

making it more suitable for precision trajectory-tracking applications. 

 

 

Table 2: Performance comparison. 

Performance Index PID SMC % improvement 

Rise Time(s) 1.820 2.380 PID  23% 

Settling Time(s) 24.870 17.380 SMC  30% 

Maximum Overshoot 

(%) 

6.94  0.00  SMC 100% 

Steady-state Error X (m) 0.00105  0.00008 SMC  92% 

Steady-state Error Z (m) 0.06260 0.00000 SMC 100% 

 

Fig.19. SMC and PID velocity comparison in x 

the direction. 

 

 

Fig.20. SMC and PID velocity comparison in  

the z direction. 
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RMSE X  (m) 0.37825 0.43339 PID   13% 

RMSE Z  (m) 0.50307 0.64256 PID   22% 

ISE 9.8589 14.9729 PID  34% 

IAE 10.4168 9.7975 SMC 6% 

ITAE 74.5055 48.8534 SMC   34% 

 

6.  Conclusion 

This paper presented the design and evaluation of a Sliding Mode Controller (SMC) 

for quadrotor stabilization and trajectory tracking in the X–Z plane. The proposed 

controller was evaluated using a Newton–Euler-based quadrotor model through 

MATLAB simulations under various reference trajectory scenarios. The obtained 

results demonstrated the capability of the SMC to achieve accurate trajectory 

tracking with high steady-state precision and robust stabilization performance 

under nonlinear quadrotor dynamics. 

A comparative evaluation with a conventional PID controller showed that both 

control strategies successfully tracked the desired trajectories while exhibiting 

different performance characteristics. The PID controller provided smoother 

transient behavior, whereas the SMC demonstrated faster convergence, lower 

steady-state error, and enhanced robustness against nonlinear system behavior. 

Furthermore, the use of a saturation function in the sliding surface effectively 

reduced the chattering phenomenon and improved the smoothness of the control 

signals. 

Overall, the simulation results confirm that the proposed SMC provides an effective 

and reliable solution for quadrotor trajectory tracking applications requiring high 

accuracy and robustness a. Further research will be directed toward validating the 

proposed approach through practical experiments on a physical quadrotor platform. 

In addition, the controller will be evaluated under realistic operating scenarios to 

assess its ability to cope with external disturbances, sensor measurement noise, and 

uncertainties in system parameters. 
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