On the existance of non exposing functionals

Musbah muftah Abedessalam”

Abstract

It has been shown in [1] that if E is a Separable Banach Space
and £, embeds in E then there exists a norm on E, f € E* and
€ > 0 such that for every g in E with ||g|| < €, f+ g does not a
Hahn its norm on Bg- the unit balllin E*. Of course such f + g cannot
expose Bg:.

In this paper we will show that if Y is any Banach Space that
contains an isomorphic copy of #; then their exists a norm ||| ||| on Y
and an infinite dimensional subspace Z of Y** such that if
g € Z, g#0, then there is an € > 0 such that f 4 g does not ex-
pose By- for any fin Y with |||f||| < €. Of course By~ here denotes
the unit ball in Y* when Y is equipped with the new norm.

Given any Banach Space E, if E admits and equivalent norm,
then unless otherwise stated, we shall keep denoting by Bg. the unit
ball of E* corresponding to the new dual norm on E*.

Before proving the new Eioned result, let us fix some notations:

If E is a Banach Space and KE, then we say that a point
z € K is an exposed point if there is f € E*:
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f) > Vye K,y#xz
in such case we say that f exposes K at x.

Note that if z € K is an exposed point then x is necessarily and
extreme point of K since if:

r = &2 y, 2 € K, y#K

then: f (z) = f452
=3f W) +3f (2)
<if(x)+3f ()= (=)

a contrdiction.

By a face of a non-empty convex set K we mean a non-empty
subset F of K such thatifz € F, 0 <t <1

r=ty+(1—-t)z,y, 2z € K

then y, z € F. If the set of extreme points of F and K are de-
noted by Ext (F), Ext (K) respectivily then it is clear that if
z € FExt (F), then:

z € Ext (K)
Lemma (1.1):
Let (F;); >, be a sequence of Banach Spaces and let:

= ng = {1':(331) = HF;'} llz]] =Z||‘i'i” < X }

=1 i=1
F~*E=%Huneﬁﬂzﬂwmum@
then: -

(i) Ext (Bp.) =7 00 =1 Ext (Br;)

(i) Bzt (Br) =00 s Bt (Br)
Proof:

To prove (i) we show that z € Ext (Bp-) iff:

z = (x1, 22, T3, ...) , ;i € Ext (Br) Vi
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ifx ¢ Ezt (Bp), but z= (i, 23, ..

with x; € Ext (Bp) Vi

then z = %=

forsome y, 2 € Bp, y# 2
hence there is at least one index i such that: z # v
with z;, y; € B‘r.j.-
since Bp- = 7 oc i=1BF:
But this means that z; = %1% a contradiction.
Hence x € Ext (Bp) €))]
Now suppose z € Ezt (Bp) and z = (z1, z, ...)
with z; ¢ Ext (BF;) for some i, then there are:
Vi, z € BE | z; £y

yitz,

and z; =42

but then the elements:

.’.‘:f_.l'l. T2y «ovy Ti—1, Zi, Tjsi, )
Y= (1, T2y -ory Ti1, Yis Tidiy ver)
are in Bp+, with: z = y—2|— z

a contradiction. |

Hence z; € Ext (Bp)V )

From (1) and (2) part (i) is proved.

To prove (ii) first we show that:

i=1

where (Bp+, W*) is the unit ball of F* in the W* topology.

Suppose v" = (u}) in Bp and u" — u in (Bp., W*).



Hence for every z = (z;) in F we have:

< U E S u, B >
o0

-
or: Zu? (z;) — w; (x3)
i=1

1=1
thus for z = (0, 0, ..., z;, 0, 0, ...) in F we have:
ui (z;) — ;i (zi) in (Bp:, W¥)
which means that u" — win [[(Be, W)
=1

Conversely, suppose that: v} — 0 in (Br W)

for every i, we show that: v — 0 in (Bp., W¥)

Let z = (z;) € Bp, the for every € > 0, there exists a natural

number N:

oC
&
> llein < —
i=N+1 ‘
fo'e N oo
Now | ul (@) Il < D 1} (@) [+ > huf (x) |
i=1 g==]1 i=N+1
N oo
<> R @) [+ D Nl
i=1 i=N+1
N oc
< (@) |+ Y
=1 i=N+1
<

N
Z lui (i) +
i=1

by the fact that u} — 0in B (F;, W*), Vi

m‘m

hence for each i =1, 2, 3, ..., IV there is ~;:
lui' (z:) | < 55 forn = v

ifwelety > y;fori=1, 2, ..., N, then for n >, v we have:
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N N .
2l @) < Y~
i=1 . i=1 ~ N

<

[QIm

or simply u" — 0 in (Bp., W*)

Henece by [6] we now have: 732, Eat (BF*) = Ext (BF*)W‘
Theorem 1.2 [2]

There exits an equivalent norm on 4, such that if E denotes ¢!
with new norm, then we have:

Span (Eﬂ e )”'") £ B
Lemma (1.3):

There exists an equivalent norm on #; such that if E denotes ¢!
equipped with the new norm, then:

P A

e ¥

S'pan(_E.rf (Bg+) )

is infinite dimensional.

Proof:
Write IV = U 2, N;, N; infinite and
Nj N Ni=¢, i#j
then: &; (N) = & 2,4, (V)

on each £; (NV;) we put the norm || |; given, in theorem 1.2, and
put on ¢; (N) the norm:

IIITHI‘ZH%II

By theorem 1.2 and the Hahn-Banach theorem choose: ﬁ#
so that: ¢, = 0 on Ext (B;;(l\’,-)

Notice we many consider ¢; in £1*(N) by taking:

¢i=0o0nt (N)Vj#i

For each i define 6; : ¢ (IN) — ¢; (IN) by:



Guaall dzalyl &

61 {(Gik);,- > 1) = (‘j. )
where: 8; =0if i € N; and §; = a; when i =i in N,
Let: ¥ = 6*(¢i)

It is easily checked that: % ; =0 on Ext (BEI)W

and on ¢ (N;) whenever i # j. thus (), are linearly inde-
pendent, since if:

E e (0 k= 0

k
with ay, # 0 for some k, let u € £} (Ni) so that:
i (u)=1
then < Z ar Ve, u >ap=0
i

a contradiction.

Now set Y = Span (E;rt(B[;m-J)u.)

then Y L is an infinite dimensional since:

(Y)Y L

ButY L= (’;—-)

hence fr must be inifinite dimensional.
Theorem 1.4 [4]

Le E be a locally convex Haudroff topological space and K be a
non-empty compact convex subset of E, then k has an extreme point,
and

K = Conv(Ezt (K))

Theorem 1.5

If X is a closed subspace of a Banach Space (Y, || ||), and sup-
pose X has a norm P equivalent to its norm inherited from Y, then
there exists an equivalent norm ||| ||| on Y so that:

izl =P (z) ¥ = € X
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Proof:
LetD={z € X : P(z) < 1}

we may assume that (By, || |)DyBy for some v > 1. Set
C = D° N By. where D° denotes the polar set of D.

Then %By*CByv, and hence the gauge function gc of C defines

an equivalent norm ||| [|| on ¥* [3]. Thus for any y € Y we have:

yll] = Swpe | < v*, y > |
we show if z € X, then |||z||| = P (z). If z =0, we are done.
Suppose z # 0, set

it suffices to show that |||u||| = 1.
Note that u € D since P (u) =1, so if y* C D°.

then |y* (u)] < 1 or simply |||ul]| < ¢t. Now suppose that
[lul]l| = < B < 1, then for every y* € C we have:

y'(u) < B < 1 (%)

Let M denote the unit ball of X*, when X equipped with the
norm P, then.

P (u) = Supy |z* (u)]

Also, since X is equipped with the norm P, M in W*, compact
mX”, then there exists zj in M such that P (u) = |z} (u)|, since
x5 € M, we have zj (d) < 1V d € D. Hence x belongs to the unit
ball of X* corresponding to the norm inherited from the norm of Y,
this of course follows from (**). Thus, there exists y* € Y™ such that:

Y'lx = and ||ly|| = [lzg]] < 1

If d € D, then d must be in X, so:

ly* (d)| = |25 (d)] < 1, which implies that y* € D° N Bye..
Hence it follows that y* (u) < 8 < 1 but |y* (u)| = g Cael] == 1 &
contradiction, hence |||ul|| =1 or P (z) = |||z]|| V= € X.



Lemma 1.6

If X is a closed subspace of a Banach Space (Y, | ||) and suppose
X has a norm P equivalent to its norm iherited from Y, the there ex-
ists a norm on Y such that if @ : X — Y is the natural embedding,

then:

Q' (Bet (Br)" ) =Bt (Bx)

Proof:

Let Q: X — Y denote the natural embedding of X into Y. By
theorem 1.5 there exists an equivalent norm ||| ||| or Y such that:

llelll =P (=) ¥z € X

Let @ (v*, Il lIl) = (%, Ill ) be the adjoint mapping, it is
then clear that:

QI =1

Set K = Ext (BX')W* and let K’ = Q* ' (K) N By. now if X L
is the annihilator X* in (Y*, ||| |||), let L be the unit ball of X L
with respect to the dual norm ||| |||. The the set K" = K’ & 2L is W~

compact and hence if we set C = Conv (K"), we first show that
BynCZ

Let y* € By, if Q* (y*) € K we are done, since y* € Q*7'(C)
and hence y* € K'K"C, if not, then first notice that Q* (y*)Bx-, then

by theorem 1.4:
w

Bx- = Conv (Ext (Bx-)
Ja

then we must have: Q* (y*) = W* —a (O i o7 ,)
i=1

where z} , € Ext (By-). Now for each a there exists y; € By
such that. Q* (4} ,) =z} , observe that zj , € K implies that
Y; o € K’ and hence we see that the net:

Ja
. e . AW ; :
Up = ZA"' oY o 18 in Conv™ (K7), this set being W* - compact

w*

i=1 e
forces (ug) to have a subset (ug) such that ug — u, u € Conv (K').
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Now observe that: )

Q (W) =W*—5 O_ X sz} p)

i=1

Ja
ie Q () =W*—5> X sQ" (¥ 5)
i=1
JB
=W =5 Q" O iy 5)
= II-I" -3 Q* (:'“‘5)

=Q" (u)

which means that @* (y* —u) =0 and hence y* —u € X L,
but notice that |||y* —ul||| < 2, thus y* —u € 2L. Consequently

y* € Con L‘HH(K’) £ I,
but: Conv” (K') ® 2LConv” (K’ & 2L)C, which implies that
y* € C or By.C. This and [3] shows that the guage function g¢ of
defines an equivalent dual norm on Y*. Now we show this is the

needed norm to do the Job:

"

First by [2] not that Ext (C)K”

e :
and hence Ezxt (C) K", there for:

Q" (Ezt (©) )Q* (K”),but @* = 0 on L so

1

Q" 2Bzt (C) )Q" (K') = Q" (Q"'(K) N By.)

K

In particular this shows that:

Q" (C)Tonv (K) "' = Bx.

To finish the proof, we show that: KQ* (W(O)W‘)

—...__W* ; ;
Let u € K= Ext (Bx-) , then there exists a set (u,) in

Ext (Bx-) such that u=W"* —, u,. Let F, = Q*'(u,) N C, since
By-C, then
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¢ # By- N Q* Yuy)F, t.e. Ey, # ¢, W*

closed convex subset of C. In fact F, is a face of C: F, being W*
- compact and convex it contains an extreme point, and since F, is a
face, such an extreme of F, must be an extreme point of C. Hence
there exists y%, € Ext (C) such that Q* (y5) = u alpha. Since C is W*
- compact, the set (y;) has a convergent subset. (y3) such that
yp — y*, but Q" is weak® to weak® continuous implies that:

u=p Q (y5) = Q" (5 ¥3) = Q" (v')

H' .
sou € QF (Ext ( ) or simply:
KQ* tELt () .). and hence we have shown that:

Ezt (Bx) =@ (Ezt (C))

where C is the unit ball of Y* when equipped with the dual norm
qc-
Theorem 1.7

If Y is a Banach Space containing an isomorphic copy of ¢;, the
there exists a norm on Y such that

e

1s infinite dimensional

Span{Ezt (By+) }

Proof:

Let T: /1 — Y be on isomorphic embedding of ¢, into Y. Now
put on ¢; the norm ||| ||| defined in Lemma 1.3, set X =T (¢;), and
for each x =T, 2) in X let P (z) = |||2|||, note that T is map from ¢,
on to X. It is clear that P define a norm of the closed subspace X of
Y that is equivalent to norm inherited from Y. Hence by Lemma 1.6
there exists a norm on Y such that if @ : X — Y denotes the natural
embedding then:

tr

W "

Now by lemma 1.3 we know there exists a sequence ( 9 ;); 5 ; of
linearly independent elements in (¢, ||| |||)* such that for each
¢ 2 1¢; = 0on Ezt (Bg)
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For each i > 1 let g, =Q™(T*( ¢ ;)), hence g = 0 on
Span(Ezt (By-)" ). Furthermore the elements of the sequence (g;); » ;

are linearly independent since the elements of (4 ;),,, are and
Q**T** is one-to-one. Let
—_ W,
z = Span (Ext (By:) )
then for each 7 > 1 g; is in the annihilator 2! of z in Y**. Hince
z L is an infinite dimensional subspace of Y**, since (¥')" =~ 2z L.
This shows that YT must be infinite dimensional.

Theorem 1.8

If Y is a Banach Space containing an isomorphic copy of 4, then
there exists a norm on Y and an infinite dimensional subspace z of

Y** such that: if %{", and f € Y satisfies || f|| < 1|g|| then:
f + g does not expose By-
Proof:

By theorem 1.7 W = ——X____ is infinite dimensional. So if
o Tet: Span(Ext (Bys) )
we let:

z=W* =~ [Span rExt (BTJWH |

than if g € fyand if f € Y, with [|f]| < |lg]l but f+g ex-
poses By-, then there exists zj € Y™* at which f + g exposes By-, but
x; must be an extreme point of By-.

Hence g (z) = 0. Now:

If+gll =1(f+9) (z3)]

= I/l

on the other hand we have:
lgll < Nlf+gll + £

< 2| £l

or ||fll > %|lgll a contradiction, so f + g does not expose By-.
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SOME MINERALS AND CONSTITUENTS
CONTENT OF LOCAL Hibiscus sabdariffa SEEDS.

Afaf Theiab Al-Marzuk
Basic. Sci. sec. Coll. Agnic. Univ. Baghdad.
ABSTRACT

The contituents of local roselle seed (which is 20% of Igowe by
weight) moisture, total ash, protein, reducing, sufars and oils were de-
termined and found 42.50, 9.14, 21.70, 4.26, and 15.60% respectively.

The fatty acids of seed oil were identified by gas chromatogra-
phy. The percentages of major fatty acids linoleic, oleic, palmitic were
determined and found 44.73, 31.73 and 20.40% respectivety. The G.c.
gave small amount of stearic acid (2.47%).

The minerals K, Na, Ca, P, Mg, Fe, S, Mn, Zn, and Cu were de-
termined and found 246.92, 66.06, 53.89, 46. 53, 3.30, 6.24, 4.43, 0.45,
1.25 and 0.27 Mg/gr. respectively. The minerals Ni, Cd, Cr, and Pb
were found as trace elements gave amounts less than O.L Mg/gr.






