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Abstract Keywords

In the classical theory of two-player zero-sum games, optimal strategies typically lead to a unique Two-Player Zero-Sum
optimal solution characterized by a single equilibrium point for both players, where the game values  Games;
coincide ([v = w|). This implies the existence of a unique set of probability variables (p;), representing Multiplicity of Optimal
the first player’s mixed strategy over its pure strategies (x;), which yields the game value (v) by Solutions;
maximizing the minimum payoff. Similarly, there exists a unique set of probability variables (¢;), Graphical Method;
corresponding to the second player’s mixed strategy over its pure strategies ();), which yields the game  Linear Programming
value (w) by minimizing the maximum loss. This study focuses on analyzing a special case in game
theory in which multiple equilibrium points exist for both competitors, implying the presence of more
than one optimal solution - indeed, infinitely many optimal solutions for both players. In such cases,
multiple probability combinations (p;) achieve the maximum value of the first player’s objective
function (v), while multiple probability combinations (g;) attain the minimum value of the second
player’s objective function (w), all while preserving the equilibrium condition (v = w|). The
contribution of this study lies in providing a deeper understanding of this phenomenon by identifying
the conditions that give rise to multiple equilibrium points, analyzing the strategic combinations that
yield optimal solutions using both the graphical method (GM) and linear programming (LP),
examining the impact of these solutions on the opposing player, and investigating the possibility of
the coexistence of multiple optimal solutions for both players within the same game.
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Microsoft Excel 16.0 Sensitivity Report
‘Worksheet: [Multiple optimal solutions.xlsx] Min (A)
Report Created: 2025-07-27 12:27:34 PM

Variable Cells

Final Reduced Objective Allowable  Allowable

Cell Name Value Cost Coefficient  Increase Decrease
$BS11 changingVa X1  0.133333333 0 1 0 0.714285714
$C511 changing Va X2 0.033333333 0 1 2.5 0

Constraints

Final Shadow Constraint  Allowable  Allowable

Cell Name Value Price R.H.Side  Increase Decrease
SES12  clReference 1 0 1 1 0.333333333
SES13 2 Reference 1 0.166666667 1 0.5 0.25
SES14 3 Reference 15 0 1 0.5 1E+30

Microsoft Excel 16.0 Answer Report
Worksheet: [Multiple optimal solutions.xlsx] Min (A)
Report Created: 2025-07-27 12:27:34 PM
Result: Solver found a solution. All Constraints and optimality conditions are
satisfied.
Solver Engine
Engine: Simplex LP
Solution Time: 0.031 Seconds.
Iterations: 3 Subproblems: 0
Solver Options
Max Time Unlimited, Iterations Unlimited, Precision 0.000001
Max Subproblems Unlimited, Max Integer Sols Unlimited, Integer Tolerance 1%, Assume Non-
negative

Objective Cell (Min)

Cell Name Original Value Final Value
SES11 changing Va Reference  0.166666667 0.166666667
Variable Cells
Cell Name Original Value Final Value Integer
$BS11 changing Va X1 0.133333333 0.133333333 Contin
$CS11 changing Va X2 0.033333333 0.033333333 Contin
Constraints
Cell Name Cell Value Formula Status  Slack
SES12 c1 Reference 1 $E$12>=5GS12  Binding o
SES13 2 Reference 1 $ES13>=5GS13  Binding 0O
Not
SES14 c3 Reference 1.5 $ES14>=8GS14  Binding 0.5
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Microsoft Excel 16.0 Sensitivity Report (< “l.
‘Worksheet: [Multiple optimal solutions.xlsx] Max (B) (SOIver) 3l U'; C’L‘h
Report Created: 2025-07-28 10:43:02 PM
Variable Cells Microsoft Excel 16.0 Answer Report
Final Reduced Objective  Allowable  Allowable Worksheet: [Multiple optimal solutions.xlsx] Max (B)
Cell Name Value Cost. Coefficient  Increase Decrease Report Created: 2025-07-28 10:43:02 PM
$C$11 changing Vayl 0 -1 1 1 1E+30 Result: Solver found a solution. All Constraints and optimality conditions are satisfied.
$DS$11 changingVay2  0.166666667 0 1 0.2 0.25 Solver Engine
SES11 changing Vay3  1.38778E-17 0 1 0.5 0.166666667 Engine: Simplex LP
Solution Time: 0.031 Seconds.
Constraints Iterations: 3 Subproblems: 0
Final Shadow  Constraint Allowable  Allowable Solver Options
Cell Name Value Price R.H.Side Increase Decrease Max Time Unlimited, Iterations Unlimited, Precision 0.000001
S$FS13  ¢2 Reference 1 0.133333333 1 6.93889E-1, 0.5 Max Subproblems Unlimited, Max Integer Sols Unlimited, Integer Tolerance 1%, Assume
$F$12  cl Reference 1 0.033333333 1 1 6.93889E-17 Non-Negative
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