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Abstract.By considering auxiliary functions, some new oscillation conditions are
established

for the second order nonlinear forced differential equations. Examples are given to
illustrate the main results.
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INTRODUCTION. In this paper, we are concerned with the oscillatory behavior of
solutions of the second order nonlinear differential equation of the form

(r@®) f (X)) +a®g(x®) =H(t, x'(t), x(t)) (Er)
wherer, g eC([ty,%),0 ), f, geC(1,0)and H is a continuous function on[t;,o0)x[?.

The main objective of this paper is to contribute further in this direction and to
establish sufficient conditions for the oscillatory behaviour of solutions of Eq. (Ei). As a
consequence, we are able to extend and improve a number of previously known oscillation
results. Some examples will be given.

Throughout this study, we restrict our attention only to the solutions of Eq. (Ei)
which exist on some ray [t,,o0), where t,>0may depend on the particular solution. A

regular solution is said to be oscillatory, if it has arbitrarily large zeros; otherwise it is said
to be non-oscillatory. Equation (E;) is called oscillatory if all its regular solutions are
oscillatory.

Lots of work have been done on the following particular cases of eq.(E):

X"(t) +a(t)x(t) =0, (E2)
X"(t)+at)g(x(t)) =0, (Es)

(r@®)x'(®)) +a()g(x(t)) =0, (Es)

(rx'@®) +at) g(x®)=H ), Es)
X"(t) +h(t)X'(t) +q(t) g (x(t)) =0, (Es)

(r®X(®) +h@®)X'®) +a®g(x(®) =0, ()
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(rO(x®)") +abg() =H®), E)
(r®OX'(®) +Qt,x() = H (), (Es)

There are a lot of paper involving the oscillation for (E2) -(Eg), and other linear,
nonlinear, damped and forced differential equations since the foundation work of Wintner
[32] (see for [1-33]).

Graef et al. [10] studied the oscillatory behaviour of the solutionsof Eq. (E;) with
f(x)=x"and q(t)g(x(t)) =Q(t, x(t)).

Yan [33]provedanother new oscillation criterion for Eq.(E1) with r(t) =1 f(x)=x
g(x(t)) = x(t)and H(t,x(t), x'(t)) =0.

As a broadresearch field, the oscillation of differential equations has been widely studied
by many authors (e.g., see [1-33] and the references quoted therein). The purpose of this
paper is to generalize and complement some of the previous results.In particular, we intend
to generalize the results of Greafet.al[10] by using the integral averaging technique.
2.Main results

In this section, we will use the Riccati technique to establish sufficient conditions for
oscillation of (E;). Comparisons between our results and the previously known are
presented and some examples illustrate the main results.Our first theorem regarding Eq.
(Eq) is stated as follows:

Theoreml. Suppose that

01 0<k <+ < forally =x'(t) #0; hold.
y

Let pbe a positive continuously differentiable function over[T,o0) such that p'(t) >0 on

[Ty, );

t

: 1
o o
LetR(s) = p(s)[q(s) — p(s)]—ﬁ (’i; ((z)))z r(s); A is aconstant with

05 T R(s)ds = oo.

Then all solutions of Eq. (E;) are oscillatory.
Proof.To obtain a contradiction, suppose that x(t) is a nonoscillatory solution on

[T,), T>T, of Eg. (E1). Without loss of generality, it can be supposed thatx 0.
Weassume that x(t)is positive on [T,).we use the Riccati technique putting
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r(t) f(x'(t))
t) = 1
"O="3x0) @
Differentiating (1) and using (E;), we obtain,

!

W) = [ r(t)f (x'(t))}
9(x(1))

!

[rOf W] r@®F(KE X M)

g(x(t)) g% (x(t)
wi(ty=TEXOXO) o rOFXO9XO)X(D)
g(x()) g (x(t))

Because g'(x(t)) >k and using the definition we have,

k_r’OExo)° xw)

w(t) < p(t)—Q(t)—r(t) g’ (x(t)  FX()

From O; and Eqg. (1), we obtain

W(t) < —[q(t) - p(t)] —%%wz ®

Therefore,

!

{f(t) f (X’(t))}
g(x(®)

Multiplying by p(t) and integrating from T to t, we obtain

< [q(t) - p(t)]—kﬁ%w%t).

!

r(t) f (x'()

( k
g(x(®) t

} <-p®)[a(t) - p(t)]—Ap—t)Wz(t); A=—,

g (t){ 0 3

!

t {M} ds < [~ p(s)19(5) - P~ [ AL wi(s) s
) 17 r(s)

179 =6

T

Letc. - pMrMf(x'T))
g(x(T)) ’
by integrating by parts, we obtain

®r ) f (K1) t ¢ ps)
£ o) SC J p(s)[a(s) - p(s)lds - j A%w (s)ds

L )T (K(S)
PO ey ®
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—C, [ p(9)1a(9)— p(&)Ks— [ AL w2 () s +  pf(yw(s)ds,

T T e T )
¢, - [ ) - p(s)]ds+j{—A@w2 (5)+p/(5) w(s)}ds.

) ™)

Because

RION: : _—Ap(s) P E)I(s) ) (P(s)’r(s)
_AEW (8)+ P/ (s)w(s) = o) H (s)— 2Ap(s)j R0 ]

The inequality presented by (2) can be written as

pOrO () _
g(x())

j p(s)[a(s) - p(s)ids

OIS PO Y _(E)r) |
17r) 280(5) ) 4A%p%(s)

Let w(s)— p(s)r((j) —W(s)

PO M) _ O] IWINE(CLON
@ <G Ip(s)[q(s) p(s)lds - j r(s){ (s)—(mj ]ds

_c, _J'p(s)[q(s)— p(s)]ds—j{Ar/Z(;) ?(s)- p4A(\5)(rs()S)}d

t 1 (p'(s))’ 2(5)
_ ! p()[a(s) - p(s)]—— P() r(s)ds— jr(s) W2(s)ds

pO)r) f (X'(t) t
proe <C, - J R(s)ds 3)

Takingthe limit for both sides of (3) and using O3, we find

S POrOfe)
e g(x(t)
Hence, there existsT, > T such that
f(X'(t)) <0, Vt>T,

X'(t) <0, Vt>T,.

4)
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Condition O3 also implies thatj 2(3)[a(s) — p(s)]ds =, and there exists T, >T, such that
T

T, t
| A(S)1a(s) - p(s)]ds =0 and [ p(s)[a(s) - p(s)]ds 20, VE=T,.
T T

Multiplying (E1) by p(t) and integrating by parts on [T,,t], we obtain

POLrE) O] + p(0a®) g(x(1)) = o) H(t, X'(t), x(1))

POLr®) f (XE)
g(x(®)

POLr® f (XO) <—p®g(xE)[a®) - pt)]

<-p®)[a(t) - p()]

POI®) f XN [ A'(S)r(s) F(X(s)ds<Cy. — [ p(s)g(x(s)la(s) - p(s)]ds

POIr®) F (X <Cy, - g(x(®) [ p(S)a(s) - p(s)lds
+ [ X(s)g'(x(s) [ p(w)[a(u) - p(u)]duds

+ [ p/(s)r(s) F(x'(s))ds

<C,, Vt=T,

PO (KT,

hereC, =
Hrere s = T (T,

Therefore,
pOr) f(x'(t))<C; .

In view of Oy, we conclude that for t>T,

C, 1
k r(©)p)

C,b¢t 1
O e ®

X'(t)<

Finally, from O, x(t) »>—o0 ast — oo,which contradicts assumption x(t)is positive.

Therefore, Eq. (E;) is oscillatory.
Example 1. Consider the nonlinear differential equation
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!

{}(13)('(04_ (Xr(tzgll ]} +( Smtj (t) _ 2x12 sint7COS(X3'(t)+1), tZz 1
t xX'()" +1 (x" +Dt 2

We note that,

’ 12 o3 ’
H(E X' (). () _ 2xsintcos(x'(1)+1) 1 <%:p(t), wx'ell, xell andt>t,,

g(x(t)) (X" +)t3 X°(t)  t
hence,
10
13<13+(X(’z§)33 <14, vy #0,
] 2 1
R(s) =s*+sins——————
(s) s?  4As’
o0 o0 . 2 1
R(s)ds = [ s? +sins——————ds = 0.
t{ (s) t—[ s 4As? *
Let
plt)=t=p'(t)=1,
t t
=lim | ds =0,

. S
Ilmj
t—w i r(s)p(s) t~>oo_|_

0

1 (p'(s)*

R(s) = p(s)[a(s) - P(S)]—— r(s)
A p(s)
_ [S+ﬁ_i]_ii
B s $37 4AS°

Forevery t>T, =%, we obtain

_[R(s)ds = _[32 +sins—§—ﬁds=oo.

To To

Thus, Theorem lensures that, every solution in this example is oscillatory.

Example 2. Let us consider the following equation

F(lox'(tﬂ (X'(t)2)3 H +(t costj (1) = X costszin(x'(2t)+2)'t2£
t (X(1)? +1 (2 + 1)t 2

We note that,
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H (¢, X'(t), X (1)) _ x°costsin(x'(t)+2) 1

Siz= p(t), vx' ell, xell andtz%.

9 (x(1) RO+ W)t
hence
10<m:10+w<11, vy =0,
y (x'()° +1
Let
pt)=1= p'(t)=0,
lim | S lim[ds=e,
S TEp6)
_ 3 1 (P
R() = PO~ PO~ 12 20 ),
R(s):s+%—%,
S S

T R(s)ds = oo.

Allof the conditions are satisfied. Hence, the differential equation in Example 2
isoscillatory.
Theorem 2.1f conditionsO1,0, and O3 hold, and

O: [ p(s)la(s) - p(s)]ds <o,

To

t
Os !im inf[jR(s)ds >0 forall large T,

t

% ) e

To

j R(u)duds=o0,and

0 —o0

dy dy
(0] oo and | ——
7!g(y)< al _[g(y)

<oofor everye > 0.

Then all solutions of Eq. (E;) are oscillatory.
Proof.Let x(t) be a non-oscillatory solution on [T,x), T >T, of Eq. (E1). Without loss of

generality, it is assumed that x(t)=0.Let usassume that X(t)ispositive on [T,o0)
andconsider the following three cases for the behavior of x'(t).
Case 1: x'(t)>O0for T, >T for some t>T,; then from (3), we have

r(MpeM) f(X[M)  p®Or@) f(X(t)
g(x(T)) g(x(t))

_t[R(s)ds <
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i FOpOXM) _ r)p(M) f (X' (1)) —jR(s)ds.
Pog(x@) T g(x(T))

From Oy, we obtain

rM)e(M) F (X)) |, r®pOXE)

R(s)ds <
O I T0)

Hence, for all t>T,

r®)p(t)x'(t)
g(x(1))

j R(s)ds <k
t

TREs)ds <k *¥O_
JRO <k C o)

_[R(u)duds < k_[

If(t)p(t)
X(s) 4
))

d
j R(u)duds < j Ty)

Tj r(s)p(s)s
fon

r(s)p(s)y
Using Oz, we obtain

P
j Lror®! j R(u)duds < oo.

This contradicts condition Os.
Case 2: If X'(t) is oscillatory, then there exists a sequence {@, }—>o on [T,oo)such that

X'(er,) <0. Let us assume thatNis sufficiently large so that

T R(s)ds >0.

an

Then, fromO; and (3), we have

k M<C —jR(s)ds.
RO

Thus,

kzlirpﬁiup%t()t;(t)<c +I|rlsotjp{ J‘R(s)ds}

an
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=C,, —liminf U R(s)ds}

t—w
an

By Os,we obtain
k2 ||msupM <
e g(X(1)
which contradicts the fact that x'(t) oscillates.
Case 3: Letx'(t)<Ofor t>T for some T, >T;then for any t, >T,there existst, >t,such

that J. p(s)[a(s)— p(s)lds>0for all t=>t,.Choosingt, >T,,and multiplying Eq. (E1) by
4

p(t) and integrating by parts, we obtain

pOIr®) f (O] p/(S)r(s) f (X(s))ds<C, — [ p(s)g(x(s)la(s) - p(s)Ids
=C, -9 (X(t))jp(S)[Q(S) —p(s)lds

+[X(5)g'(x(s)) [ pu)la(u) - p(u)]lduds

+ [P (s)r(s) F(X'(s))ds
where C, = p(t,)r(t) f (x'(t,))<O.
Thus,
pOF®) (X 1)<C, .

From O, weobtain

C, 1
Xt)<—~-—F—,
k, r(t)o(t)

C t
X(t) <% j s,
k, 1 1(s)p(s)
FromO.it follows that x(t) ——o0, as t — oo, which is a contradiction.

Remark 1.

Condition Os implies thatIR(s) >0 and!iminfjR(s)ds:IR(s)ds; hence Og takes the form
T T T

ofj R(s)>0, for all large T.
T
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Example 3. Let us consider the following equation

!

HNGH (X'(1))° H N t% ()= x° Cos Xsin XM (g

(X'()* +1 t’

we note that
H (¢, X'(t), x(t)) _ x> cos xsin X 1 _1_

g(x(1) t* 80 T
hence,
7< f(y) =7+ (x’(ti)“ <8, Vy =0,

y (X'(t))" +1
Let p(t) =t = p'(t) =1, then

=p(), vx'el, xel and t>t,

t

t
|imj ds =lim [ ds = oo
t—>o F(S)p(s) t— TO

j P(S)A(s) - p(s)]ds = j (———)ds <.

O

Because,

_ _ 1 (p'()* __1_i
R(s) = p(s)[a(s) — p(s)]- A () ()— 3T IA
then
!irpoinfj'R(s)ds:!irginfj'(iz—slg—i)ds:o,
Iimj ! jR(u)duds_nmj j(——i——)duds_
=1 1(s)p(s) |
Tdy  tdy -2 2 _ 2
) | 2T = d =~ <o
!g(y) !ys vy, R _gg(y) 2

Thus, from Theorem 2 it follows that the equation is oscillatory.
Remark 2. If we let R(t)=1and f (x'(t)) = x'(t) in our theorems we get Theorems 1 and 2
of Remili[26] and Greafet al. [10].
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