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Abstract

The spectral distribution method offers an attractive framework in the study of
nuclear level density with inclusion of the two-body force. We present a global
parametrization of nuclear level densities taking into consideration the shell-
model structures and residual interactions. The noninteracting and interacting
particles parts of the Hamiltonian can be studied separately and then the results
convoluted to calculate the total level density. The distribution for such a
Hamiltonian shows that Gaussian distribution is a good approximation for the
level density formalism.
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Introduction

One of the characteristic properties of a nucleus is the nuclear level density
(NLD) as a function of excitation energy (Sano&Wakai, 1972; Ignatyuk, 1998;
Majumdar et al., 1996). Nuclear level density is basic quantity of the nucleus
and plays an important role in both pure and applied physics. This importance
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comes from the wide needs for understanding the creation of consistent
theoretical description of excited nucleus and the nuclear reaction cross-section
calculations for many branches.

Because of the inherent computational and theoretical limitations in defining
the effective interactions, most of researches on nuclear level density (Okuducu
et al., 2012; Mengoni& Nakajima, 1994; Hilaire& Goriely, 2006; Dilg et al.,
1973; Tljinov et al.,1992) based on the Fermi gas model with modification to
include the nuclear interaction. The non-interacting Fermi gas model of
particles moving in orbits independently of each other has led to various
expressions for the density. The basic assumption is essentially based on
treating the nucleons as non-interacting particles that move in an average one
body field generated by all other particles. Under this assumption, the derived
level density as function of excitation energy was originally introduced by
Bethe in the form (Bethe, 1937) of:

p(E) = poexp (Jak ) (1)
where a is the Bethe parameter and [/ is the density at ground state energy

taken at 0 MeV.

Bethe formula modified later on taking into account additional interaction
effects such as the shell effects and the pairing energy. This leads to the
addition of other parameters such as the spin dependent parameter and the
nuclear temperature. As an example for this modification, the back- shifted
Fermi-gas model (BSFGM) for finite nuclei (Gilbert& Cameron, 1925;
Newton, 1956). The excitation energy is moved -using the pairing energy- by
amount of energy called pairing energy parameter ([1). The parameter () is
given by [] = U -E where U is the excitation energy.

The BSFG standard form for the observable level density corresponding to
excitation energy and angular momentum can be presented as:

. 1)\2
Vi exp(2VaE)(2j +1)exp @)

p(E, } = (2)

15
12a2E42/2mo3
" is the spin cut off factor defined using Bethe parameter for a given excitation
energy E:

2 1
o = (0.0888VaEAz)z 3)
where A4 is the nucleus mass number.

Summing over all spins yields the total level density in the form of:
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p(E) = S p)(E, ) = )

Also, the Constant Temperature (CT) model (Gilbert& Cameron, 1965)
includes the back shift energy and determines the level density as a function of
the temperature. The corresponding expression of level density is obtained by
taking the derivative of the cumulative number of levels with respect to the
excitation energy:
E-E

p(E) ——exp( ) (5)
where the two free parameters 7 and Ey are to be adJusted to the experimental
discrete levels.

Further, Gilbert and Cameron in their papers have shown that, Bethe formula
and CT model give a good fit provided that the CT model is used at lower
energies while Bethe formula is used at higher ones.

In this work we present the spectral distribution methods (French et al., 2006;
French& Kota, 1983; Chang et al., 1971; Hag& Wong, 1980, Wong, 1986) of
French for the calculation of level density. The basis of this method is to
determine the level density not from the nuclear spectrum itself but from the
level distribution defined in terms of the moments of the Hamiltonian. The one-
body (mean field) and two-body (effective interaction) parts can be treated
separately and the results convoluted to calculate the total level density.

1-Nuclear Level Density Calculation

The nucleus is a complex system containing a fixed number of positively
charged protons and electrically neutral neutrons bound together by the nuclear
force. As a first approximation, each nucleon may be regarded as moving
independently in a mean field resulting from the interactions with other
nucleons. Further, the effects of the residual nuclear interaction can be taken
into account by an effective two-body interaction.

Theoretically, the calculation of level density starts by defining the
Hamiltonian of the system and calculating the eigenvalues and eigenfunctions.
In a finite space of the basis states (¢, i = 1,..., n), the essential problem is to
solve the eigenvalue equation:
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HY = E¥Y (6)

where H is the Hamiltonian of the system with energy £ and described by the
wavefunction .

In term of given nuclear interaction (¥), the Hamiltonian can be written as the
sum of the one-body operator- which describes the independent motion of the
nucleons- plus the residual interaction.

H=h+V (7
The one body Hamiltonian (%) is composed of the single particle energies( &;:
ho; = &;¢p; (8)

The corresponding wave function ¥ in term of individual basis states can be
determined as:

Y =Yiiicd; )

The focus in spectral distribution method is not to determine the individual
states (energies) exactly but to obtain the frequency function in terms of the
various moments of the distribution. It turns out that for the two-body nuclear
interaction, the distribution of the eigenvalues converges to a simple
characteristic distribution (Gaussian with a few high moment correction).
These moments are related to various traces of the Hamiltonian and the first
few moments can be determined rather than easily.

If we represent the Hamiltonian as a matrix H, all moments can be written in
terms of the matrix traces of powers of H.

The zeroth moment is the dimension of the space d(m).

The first moment or the centroid is:

Ec(m) = (H) 3o S HI¥) (10)

The other moments are computed relative to the central moment:

ty = ((H — E.(m))P) (11)

1.1-Non-Interacting Particle (NIP) Level Density
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The calculation of nuclear level density assuming that the nucleons do not
interact with one another but move independently in a mean field created by a
single particle Hamiltonian 4. We first define the Hamiltonian in terms of the
single particle energies and then calculate the moments of % in this given
spectroscopic space. The non-interacting particle (NIP) level density is then
constructed in terms of these low-order moments.

1.1.1 Moments of the Hamiltonian

The one-body Hamiltonian /4 in terms of the single particle energies of the
various orbits is given by:
h = Z n; &

n
i=1
Where n; and [J; (i = 1, 2 3,.. n) represent the orbital number operator

n=a;'a; and the single particle energy for orbit i respectively.

Scalar Averaging

Denoting the degeneracy of the i-th spherical orbit of angular momentum j; as
Ni=2j; + 1, the total number of 1-particle states N is:

N = z N, (13)

n
i=1
Then for m particles distributed in these N single particle states, the total
dimensionality d(m) is given by:
N) _ N!
m/  m!(N —m)!

d(m) = (

This dimensionality d(m) also referred to as the scalar dimensionality may be
regarded as the zeroth order moment of the Hamiltonian. In this scalar
averaging, the centroid of the distribution is the average of 4 over all m-particle
states. The spectral distribution methods propagate information from simple to
complicated spectroscopic spaces and allow one to write the m- particle
centroid in terms of the one-particle centroid. The one-particle scalar centroid
is the first moment of the Hamiltonian which can be defined as:
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1 n
E.(1) = <h>1N; N; ¢,

The m-particle centroid is:

E.(m) =m E(1)

The propagation of information extends to powers of the Hamiltonian and for
the second central moment we first write the one-particle variance as:

1 n
(1) = ((h— (W) =7~ > Ny (5= E. (D)’ (a7)
i=1

Then the m-particle variance may be written as:

2 _ oy (N-m) 5
o“(m) =m T (D) (18)
In terms of the dimensionality, centroid and variance of the distribution, the
density can be approximately described as a Gaussian function may be written

as:

(m, 5 = 20 (_(E - Ec))2>
P S et m) 20%(m)

Calculating the density using scalar moments is relatively simple and straight
forward. However, for a large number of particles and several orbits, the
dimensionality of the space becomes huge and a single Gaussian density leads
to inaccuracies. Since we are interested in the density up to a few MeV
excitation energy, this region necessarily falls in the tail of the distribution. A
finer partition of the space in terms of configurations is necessary.

Configuration Averaging

We start by distributing m particles over a set of n single particle orbits each
with degeneracy Ni to generate the m-particle configurations. Each
configuration is labeled by m={m, mo,... m,}

The dimensionality of the configuration is given by the product of the different
number of ways to arrange mj particles in single particles states Ni:
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n

e =[ T

i=1

Because of the non-interacting nature of the particles, the total energy for a
configuration is additive and given by:

n
E(m) = z m;E;
i=1

Further, the configuration centroids and variances are related to the scalar
ones as:

1
E.(m) = ME d(m)E(m)

o’(m) = b
d(m)

> dmE@m) - E(m)?

2.1-Interacting Particle (IP) Level Density

In order to obtain the influence of the nuclear interaction on the non-
interacting particle density, the full nuclear Hamiltonian may be determined as
a sum of three parts:

H=C(0) +h(1) +V(2)

The first part, C(0), represents the zero-body part and defines the inactive core.
The second part, /(1), specifies the one-body Hamiltonian and its defined by
the external single particle energies of the spherical orbits. The third part, V(2),
is the residual two-body interaction and defines how the nucleons interact with
each other.

If (2) = 0, we have the NIP density which involves a number of degenerate
sets (spikes) marked by configurations, energies and degeneracies. With the
inclusion of V, these spikes will spread and admix resulting in the IP density.
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In order to examine what the effect of the interaction various parts will have
on the density, we make a unitary decomposition of h and V following [12].
First, we consider the decomposition of the one-body interaction /(1) with

respect to spherical configuration group, into two parts:

h(1) = hOlol 4 pilo] (25)

polol = z en, € =N1 z € N,
r

ner

poll — z clln.  ell—c ¢

r
The unitary rank zero part h%%is added to the zero-body part C(0) of the

Hamiltonian. The remaining unitary rank one part is defined in terms of the

single particle energies.

The interaction may be regarded as consisting of two parts, the part which
generates the centroids of the configurations V!% and the rest of V* represents
the residual interaction. The centroid generator can be decomposed into three

parts with unitary ranks 0, 1, and 2.

ylol = 212;0 yvio] (28)

n,.(ng—04y5)
Ve =erS €1+55 r;
rs

r2s

where n;is the orbital number operator, and Vis is the average interaction

between two particles one in r orbit and one in s orbit.

ny = z a;l:ar

rer
Vs = {N = m)} {Z(Z/ F DYy (14 6”)] (31)

Z[ nr(ns TS)
ST

r>s

Vo = [Nes] l > Noslis
TEr, SES
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Vl[o] = Zr{Zs(ms - 6rs)[6[1];s]}nr (34)

U1 = (N = 28,)7 X (1) (N = 85)Vhs] = (Vs = Byhs)

SES

Vizo = z yvlol 4 pA
v

The term v = 0 shifts the entire NIP spectrum and is added to C(0) part. The v=
1 part renormalizes the single particles energies thereby changing the spectrum

without moving the centroids. The remaining part v =2 is small and is therefore
neglected [12, 13].

Finally, the three parts of the Hamiltonian can be expressed as:
C = €(0) + hOl0l 4 yolol
h = 0l 4 p1lo]
v=vA

The zero body Hamiltonian C is absorbed in the one body Hamiltonian 4
without loss of generality. Thus, we rewrite the total Hamiltonian as:

H=h+V

In terms of the interacting particle Hamiltonian, the total density can be written
as a convolution of the non-interacting particle (NIP) density with a zero
centered spreading Gaussian function. Mathematically,

p" =p"® p¥
Where [1 " is the density due to the effective one-body Hamiltonian 4
constructed by calculating a few lower order moments. Meanwhile, [1 " is a
zero-centered Gaussian due to the irreducible two body part V of the interaction

[13]. Here, we convolute through the addition of moments and thereby
calculate the total density ] ] 1.

1.2.1-Moments of the Hamiltonian

We first describe the low-order scalar moments of the Hamiltonian H.
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The scalar centroid can be written as a sum of two parts:

Eom) = ()0 = mE,(1) + T (12)
where Vis given by:
_ T
7 = e O @ + DT+ DY,

rsJT

The variance is given by:
a?(m) = ((H — (H)™*™ = (H?*(1, 0 + H?*(2, 0)™ (44)

For details regarding the second moment propagation we refer to Ref [14-16].
The complete expression for the variance can be obtained as:

[ |

1 I

o?(m) = (711Vl) 1 | (71,\,,1 : i) z [r]ers grsagém N * z[r W stu.}2
| " |

Ers = €bpg + €5 + (7 — 1)]71*5

(45)

Where MW, denotes the two -body matrix element of the unitary rank-two
part of the Hamiltonian H.

For accuracy in large spectroscopic spaces, we use the configuration moments
rather than the scalar ones to construct the density.

The dimensionality of a configuration is:

e =] ()

The configuration centriod is given by:

Ee(m) = (H)" = Zm@+2‘mm% 2 (48)

1+ 6,

where 1, s label the spherical orbits, represents the two body operator of the
interaction part V and [y 1s kronecker delta needed for the two body operator.
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1+6,

V.= —52(2] + 1T + DV
s Nr (NS _ 67-5) ]T TSTrs

Where VI = (rsJT|V|rsJT) defines the matrix elements of the interaction
part V of a pair of nucleons in the same orbit.

The configuration variance is such as a sum of square of one and two parts of
the Hamiltonian

o?(m) = ((H — (H)™?*)™ = (H2(1, 0 + H?(2, )™
_ 1 (Nr - mr)(Ns —mg — Srs)mt(mu - 6tu)
a Z; (Nr - 6rt - 6ru) - (Ns - 6st - 6su - ars)Nt(Nu - 6tu)

X > (2] + DET + DWS,) 1 +6,)(1 + 8, (50)
T

Where %u is the coupled, antisymmetrized the two-body matrix elements.

T )
For r=t, s=u, erstu can be written as:

Wit = Vesra = s

rstu rstu

Similarly, the expression used for the level density of the whole Hamiltonian
with a given excitation energy can be also approximated as a Gaussian function
as follow:

m o4 ( (E—Ec<m)))2>
P B e (m) 20%(m)

Summary

In summary, the spectral distribution methods developed for studying
quantities of general interest in nuclear structure enable us to go beyond and
calculate nuclear level density.. The method is based on using the Nilsson
Hamiltonian for the single particle energies and the surface delta interaction
for the two-body effective interaction. The density is constructed in terms of
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the moments of the Hamiltonian which are calculated using spectral
distribution methods. By including the effects of both the noninteracting and
interacting parts of the full Hamiltonian, the level density and related
parameters could be calculated. We convoluted through the addition of
moments, in particular, the dimensionality, centroid and variance of the
distribution, and then expressed the total density in the form of Gaussian
function.
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