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Abstract
In this paper, by using the Schauder fixed point theorem we study the
existence of solution of the nonlocal boundary value problem of the first order
functional differential equation with nonlocal conditions. The continuous
dependence of the unique solution will be proved. As applications we discuss
the solution of the functional differential equation with Riemann-Stieltjes
integral and infinite point nonlocal conditions. Moreover, some examples
illustrate importance of the results.
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1.Introduction:
IT'in, et al. (1987), initiated the study of nonlocal boundary value
problems of the differential equations. Some investigators have interested in
studying nonlocal boundary value problem of the differential equations with
nonlocal condition, in order to achieve various goals, see Byszewski, L.,(1999),
Bin-Taher, E.O., (2021), El-Sayed, et al. (2021).



mailto:said@uob.edu.ly

2023 iy (3)saalt (2) Wl O o ol — Ay ) LA W2
On a functional differential equation of first order with

Riemann-Stieltjes integral and infinite point nonlocal conditions

El-Sayed, et al. (2012 studied the existence of monotonic positive
solution for the nonlocal problem the functional difterential equation
x"(t) = f(t, x(e(®))), t€(0,1),

D=1 @ X (T) = %9, x'(0) + X7 ij(m—) =X
where 7, € (a,d) € (0,1), n; € (¢c,e) € (0,1), and xp,x; > 0.
NAJAH, et al. (2021 studied the existence and uniqueness of
monotonic positive solution of the nonlocal problem

x' () = f(t,x(p(®). t € (0, 1)
ax(1) =x9>0,7€ (a,d)c(0,1),a>0
x'(0)+px'(n) =x,>0,n€(c,e) c(0,1),>0

In this paper, we are concerned with the nonlocal problem for the

functional differential equation
dx

=1 (6x(e®)). te @] 0
with the nonlocal condition
D=1 @ x(Ty) = x0, ap >0, 7 € (0, T]. &)
The existence of the solution x € C[0,T] of the nonlocal problem (1)-(2)
will be proved. The continuous dependence of the unique solution on x,
and q,, will be proved.
As applications, the nonlocal problem of (1) with Riemann-Stieltjes
integral condition
fOTx(s)dg(s) = x,, 9:[0,T] = [0,T] is an increasing function, (3
will be studied.
Also, it 3% a, is a convergent series, the nonlocal problem of (1y with
infinite point nonlocal condition
D=1 @ x(Ty) = %o, ax > 0, 74 € (0, T] “h
will be studied.
2. Main Results
2.1 Existence of solution

Let C[0, T] denoted the class of continuous functions defined on [0, T]

with the norn given by ||x|| = sup |x(¢)].
te[o,T]
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And let 11[0, T] denotes the class of Lebesgue functions on [0,T] with the
norm given by ||a|| = fOTa(t)dt.
We discuss the existence of the solution x € C[0,T] of the functional
differential equation (1) under the following assumptions:
@ f:[0,T] x R - R satisfies Carathéodory condition, i.e., f is measurable
in t for any x € R and continuous in x for almost all ¢ € [0, T].
iy There exist integrable function a € L'[0,T] and a positive constant
b > 0, such that
|f(t,x)| < a(t) + blx|, sup fota(s)ds < M.
te[o,T]
dily ¢ : [0,T] = [0,T] is continuous.
vy 2bT < 1.

Lemma 1.
The solution of the nonlocal problem (1)-(2y can be expressed by the

integral equation
1

x(t) = ST [xo —ym o ag fOka (s,x((p(s))) ds] + fotf (s,x(q)(s))) ds (5)
Proof
Integrating (1), we get.

x(t) = x(0) + fotf (s,x(go(s))) ds )
Lett = 1, in (6), we have

Y apx(t) = x(0) X ax + X0 ag fOka (S, x(<p(s))) ds.
And

x(0) = 0

k=19k

%0 = Zits i 3 f (5. x(0(s))) ds] 7
Substitute from (7y into (6), we obtain (5.

Theorem1

Let the assumptions (1)-(v) be satisfied, then the nonlocal problem (1)-
(2y has a solution x € C[0, T].

Proof

Define the set Q, by

m -1
Q, = {x €C[0,T]: x|l £r,,v > 0} c C[0,T], where = Qs al"_)ZblfOHZM :
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Clearly, @, is a nonempty, closed, bounded and convex subset of C[0, T].
Define the operator F related to the integral equation (5) by

oo Z“kf sx(co(s)Dds)HLtf (s.x(0(s)) ds

We will show that {Fx} is uniformly bounded on 0, ..

Fx(t)

Let x € Q,, then we have

m 1ak Za"f S x(‘/’(s))) ds)] +f0t (S,x((p(s))) ds

< Zm | ol +f |f (s x(<p(s)))| ds +f |f (s x(w(s)))l ds
| ol + f (a(s) + blx[)ds + f (a(s) + blx|)ds

[Fx(O)] =

<

< Zm_1
lxo| + j (a(s) + b|x|)ds + f (a(s) + b|x|)ds
|x0| + 2M + 2brT

klk

< s
k=14

<.
Then the class of functions {Fx} is uniformly bounded on g,

Let x € Q, and ¢t;,t, € (0,T] with t; < t, such that |t, —¢t,| < §, then
|Fx(t,) — Fx(ty)| = |f0tzf (s,x(<p(s))) ds — fotlf (s,x(q)(s))) ds|
= |1 1 (s:2(0())) ds]
< fttlz f(s,x(go(s)))|ds
< fttlz(a(s) + blx|)ds
< fttlz a(s)ds + br(t, — ty).

Thus the class of functions {Fx} is equicontinuous on Q,,, by Arzela-

Ascoli Theorem( Kolmogorov et al.,1970y then F is compact on (,..
Now, we will show that F is continuous.
Let {x,} c Q, such that x, (t) - x(¢t) in Q, (as n — o), 1.¢e., this implies that
x,(@()) = x(e(t)) In Q, (asn — ooy and from the continuity of the
function £, we obtain
f(txa(e®)) - £ (£ x(0®))
Using assumptions (iiy and Lebesgue dominated convergence theorem

(Kolmogorov et al., 1970y |, we get

im [ 7 (sx(0) ds = [ (s:x(0(52)) s

n—-oo
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Similarly,

lim fotf (s, xn(go(s))) ds = fotf (s,x(go(s))) ds

And

llm (Fxn)(t) = llm

G = Zak [ 1 (sxoen) as
+Jt (s xn(fp(s))) ds

ke 1ak[ Zakf S, x(‘P(S))) ds|+

This proves that F is continuous.

f (s,x(q)(s))) ds = Fx(t)

Therefore, according to the Schauder fixed point theorem( Goebel et al
1990y there exist a solution x € Q, c C[0, T] of the nonlocal problem (1)-(2).

2.2 Uniqueness of the solution

Here, we study the uniqueness of the solution x € €[0,T] of the
nonlocal problem (1)-(2). For this we assume:
) f:[0,T] X R — R is measurable in t for any x € R and satisfies the

Lipschitz condition with positive constant b, such that

If(t x) = f(&,¥)| < blx -yl
sup jlf(s 0)|ds < M.

telo,T]

Theorem?2

Let the assumptions (iiiy-(v) be satisfied. Then the solution of the
nonlocal problem (1)-(2) is unique.

Proof

From assumption (vy we have

@) = 1f @& 0] < |f (& x) = f(t 0)]

< blx|,
Hence |[f(t,x)| < |f(t,0)| + b|x].

Then all assumptions of Theorem1 are satisfied. Then there exist a

solution x € C[0, T] of the nonlocal problem (1)-(2).
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Let x and y be two solutions of the nonlocal problem (1)-(2). Then we

have

|x(t) = y(®)] =

Z ay f s, x((p(s))) ds)] + ftf (s,x(go(s))) ds

k=1 °

k 1ak Z f sy(fp(s)) ds)] — f (s,y(qo(s)))ds

< foTk |f (g,x(q)(s))) (s,y((p(s)))| ds + fo |f (s,x((p(s))) — (s,y((p(s)))| ds
< b [*x(0()) = y(¢()|ds + b [, |x(0(s)) = y(e(s))]|ds

<b f, |x(¢() = y(o())|ds + b [ [x(0(5)) = y(e(s))]ds
< 2bT||x — vyl
Thus we have (1 — 2bT)||x — y|| < 0.

k= 1ak

Since 2bT < 1, then x(t) = y(t) and the solution of the nonlocal problem
(1)-(2y 1s unique.

2.3 Continuous Dependence
Here we prove that the solution of the nonlocal problem (1)-(2)

depends continuously on x, and on q,.

Definition 1
The solution x € [0, T] of the nonlocal problem (1y-(2y depends
continuously on x,, if ¥ e > 0,3 §(¢) > 0 such that

g — x5l <5 =[x —x"[| < €,
where x* is the unique solution of the nonlocal problem

2 = (tx(p®)), te(0T1] ®)
and Yheq g X" (1) = x5, ai >0, 7 € (0,T] )

Theorem3

Let the assumptions of Theorem?2 be satisfied, then the solution of the
nonlocal problem (1)-(2y depends continuously on x,.

Proof

Let x and x* be two solutions of the nonlocal problems (1)-(2y and (8) -

9y, respectively, then we have
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m
k 1ak

Ix(8) — x*(£)] = ) f(s x(9(s))) ds)] + J:f(s,x((p(s)))ds
k=1
Zk 1ak kzﬂakf S, x (@(S))) ds)] f f(s,x*(q)(s))) ds

sl [ | (5x(060) £ (sx (o) as
+.f |f s,x((p(s))) —f(s,x*((p(s)))|ds

+ bf |x(@(s)) — x*(0(s))|ds + bj |x(p(s)) — x*(p(s))|ds

k= 1 ag
< = + 2bT ||x — x*||.
k=14
5
Hence - =
”x x|l = (1-2bT) S ay

Since 2bT < 1, then the solution of the nonlocal problem (1)-(2y depends

continuously on x,.

Definition2
The solution x € C[0, T] of the nonlocal problem (1)-(2y depends
continuously on q,, if Ve > 0,3 §(¢) > 0 such that

lay —ail <6 = llx-x"| <¢
where x* is the unique solution of the nonlocal problem

dd_"t* - f(t,x*((p(t))), t € (0,T] 0

and moarx (1) = x9, a; >0, T, € (0,T]. 1y

Theorem4

Let the assumptions of Theorem?2 be satisfied, then the solution of the
nonlocal value problem (1)-(2y depends continuously on a,.

Proof

Let x and x* be two solutions of the nonlocal problems (1)-(2) and (10)-

(11y, then
mn t
(0 =X O] = s ;ak [ r (sxtoen)asn+ [ (sxtoen) as
Volum2, Number3 20 o Aaals — A 1) 28 Alaa
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s 1ak Za f f sx*(qo(s)))ds)]

k=1 0

— J:f (s,x*(w(s))) ds

1 1
) ( m‘zm) e Zakf (s.x(0(s)) d

akz akf S, X (qo(s)) ds)
+<f0 (s x(qo(s))) ds—f (s x ((p(s))) )

0| Xk=1lax — agl
T Y1 Ak Xk=1 Gk
Zk 1 Q) Lk= 1akf f(S x(‘P(S)))dS—Zk 1A D= 1akf f(S X (‘P(S)))

D=1 Ak Lkeq A

# [ 1 (s-2(0s2) = £ (5.5 (o) s
Yk=1 A Di- 1akf f (S X(go(s))) (S:X*((P(S))))ds

k=1 Ak D=1 Ok

mé| x|

m m *
k=1 i Dip=1 Qe

+ bf |x(<p(s)) - x*((p(s))|ds
0

mé| x| ka
< | | (s x(e0()) = £ (5% (0()))| ds + bTlx — x|
D=1 Ak Dgeq A 0 | ( ( )> ( ( ))|
md|x 0| " "
—+ bT||x — x*|| + bT||x — x™||
k=1 Ak D=1 Ok
m | Ol *
—+ 2bT |[x — x™||
k=1 Ok D=1 Ok
mé|xo|

=E.

Hence ||x — x*|| <
I I'= (1-2bT) ¥}, ap Xie, ay,

Since 2bT < 1, then the solution of the nonlocal problem (1)-(2y depends

continuously on q,.
2.4 Nonlocal Riemann-Stieltjes integral condition

Theorem5
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Let the assumptions (iy-(v) be satisfied and let g:[0,7] - [0, T] be an
increasing function. Then threre is a solution x € C[0, T] of (1) with Riemann-

Stieltjes integral condition (3y and this solution is given by

"(”_gm oL f f (s, 2(0(s))) dsdg (6)] + fotf(s,x(ms)))ds
Proof

Let a, = g(t,) — g(ty—1), Where g is an increasing function,
Tk € (tr—1, tr), and 0 = ¢y < t; < t, < -+ <t = T. Then the nonlocal
condition (2y will be
Eita(g(t) — g(te-))x (i) =x0 . iy a, = g(T) — g(0).
And - lim ¥R, ap x(z,) = lim Z;cn=1(g(tk) -
m-—oo r m-—oo
9(te-) x(x) = [T x()dg (D).

Therefore, as m — oo, the solution of the nonlocal problem (1y—3) can be

expressed as follows:

x(8) = lim = —[xo = By ax 3 f (5, %(0())) ds)] + f, f (s,x(0(s)) ) ds

k=1

1
GO M ZW) @) [ "7 (o)) ao

+J; f(s,x(go(s))) ds

[~ Jy Jo £ (5, x(0())) dsdg ()] + J, f (s, x(0(s))) ds.

g(T) g(O)

2.5 Infinite point nonlocal condition

Theorem6

Let the assumptions (i)-(iv) be satisfied and let ¥ . a, be a convergent
series. Then threre is a solution x € C[0, T]of (1) with infinite point nonlocal
condition ¢4y and this solution is given by

x(t) = 5o [0 ~ Xir ai [y £ (5,2(0()) ds)] + s f (5. x(0()) ) ds - (12)

Proof

For any positive integer m, the solution of the nonlocal problem (1)-(2)

Volum2, Number3

2y Azala A il A0S Al
023 22 i Azl — Ay i) 44lS Ala



2023 iy (3)saalt (2) Wl O o ol — Ay ) LA W2
On a functional differential equation of first order with

Riemann-Stieltjes integral and infinite point nonlocal conditions

can be expressed as follows:
1

X () = %o = Ty aic [y £ (5,5 (0(5)) ) ds]
+ 0y £ (5. xm(0())) ds (13,

Take the limit to (13y asm — oo, then we have

rIlligrgoxm(t) = lim ! [xo — i ay j:kf (s, xm(q)(s))) ds
k=1

m-—oo Zl=1 ak

t
+ rlliir;ofo f (s, xm(go(s))) ds

Now

)

lapx(Ti)| < agllx]l < agr.

And |ak Ik f (s, xm(<p(s))) ds| <af," |f (s, xm(go(s)))| ds
< ay [ (a(s) + bllxpl)ds
< ap(M + brT).

Therefore, by comparison test the series ¥ a, x(;) and

YO a fofkf (s, xm((p(s))) ds are convergent.
Using assumption (iiy and Lebesgue Dominated Theorem (Ko/mogorov
et al.,1970y , from (13y we obtain
— 1 _\'o Tk t
x(0) = 5o %o = S ax [y f (5,x(0()) ds| + f; £ (5. x(0(5))) ds.

Also, we have

(o]

; a x(t) = kzlrik 2;‘;11 ar [Xo - ; ag Jofkf (S,x((p(s))) dgl
+ -fo f(S,x((p(s))) ds = x,

This proves that the solution of (12y satisfies (1) under infinite point

condition (4y.

2.6 Examples.

In this section, we provide some examples to illustrate our results.

Examplel
Consider the following functional differential equation
% =tte t + 1—17 [e‘tzx(tz)cosz(x(tz)) +t*x(t?)], te(0,1] (14
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with the nonlocal integral condition
Jy x()dg(s) = xo, (15)
Here, ¢(t) = t? is a continuous function
Now set
f (t,x(go(t))) =tte t + %[e‘tzx(tz)cosz(x(tz)) + t*x(t?)].
Then |f (t,x(<p(t)))| <tet+ 12—7|x|.
The assumptions 1)—dv) of Theorem1 are satistied ,with b = %
a(t) = t*e~t € L'[0,1] and 2bT =~ 0.24 < 1.
Also the function g:[0,1] - [0,1] defined by g(t) = t is increasing.

)

Therefore, from Theorem5, the nonlocal problem (14y-(15) has a

solution x € €0, 1].

Example2
Consider the following functional differential equation
dx _ 3 In(1+[x(BOD
T =2+ € (0,3] (16)
with infinite point nonlocal condition
o 1 3k-1
S (i) = % d7

where € (0,1), here we have ¢(t) = gt which is acontinuous function.

If we set

f (6x(p®)) = £ + 26 + ROHEED,

Then |f(t,x(p())| < €% + 2t + = |xl.

The assumptions (i) — vy of Theorem1 are satisfied, with p = 1—12
a(t) = t3 + 2t € 11[0,1], and 2bT =~ 0.5 < 1.

Therefore, from Theorem6, the nonlocal problem(16y-(17) has a

)

solution x € CJ0, 3].

3.Conclusion
In this paper, we introduce a nonlocal boundary value problem for
functional differential equations with nonlocal conditions . Here we

have proved the existence of solution for the nonlocal problem (1)-(2y. The
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sufficient conditions for the uniqueness have been given and the continuous
dependence has been proved. Generalization for the nonlocal condition (2) to
(3) and (4) has been proved. Some examples to illustrate the obtained results

have been given.
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