ISSN : 3740-2791

P e,

On Neighborhoods of Analytic Function Subclasses Associated

with the q—Ruscheweyh Operator

Ebtisam. A. Eljamall, Jaffalah J. Amhalhil>, Huda Aldweby?, Najla J. Alawiss*,

Mariam R. Abosetta,

'Department of Mathematics, Faculty of Science, Al- Mergeb University, Libya

’Department of Mathematics, Faculty of Educatin, Sirte University, Libya

345 Department of Mathematics, Faculty of Science, Al Asmarya Islamic University, Libya

! eaeljamal@elmergib.edu.ly, ? jaffalah.ali@su.edu.ly

,3 hu.aldweby@asmarya.edu.ly , *n.alawis@asmarya.edu.ly , >m.abosetta@asmarya.edu.ly

Abstract Keywords
This Abstract: In this present, we extend the notion of neighborhoods in families Analytic
of analytic functions using q-derivative . A systematic study of inclusion functions,
relationships among (m, §, q)-neighborhoods of canonically normalized analytic neighborhoods,

functions with negative coefficients is presented
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1. Introduction and Definitions:

Denote by A(m) the class of functions consisting of functions Q of the form

[0}

Q) =¢- Z 6. & (0,20, meN:={12..)}), (1.1)

r=m+1
which are analytic in the open unit disc U.

In recent years g-calculus has motivated the researchers a lot due to its
various applications in Mathematics and Physics. The application of q-calculus was
initiated by Jackson (1908;1910). He was the first to develop g-integral and g-
derivative. Using convolution of normalized analytic functions, Aldweby and Darus
(2014) defined g-analogue of Ruscheweyh differential operator and studied some of
its properties. In recent years, numerous authors have explored novel classes of
analytic functions by employing q-calculus operators. For some of the latest studies
on these classes and related topics, readers may consult the following references:
(Aldweby & Darus, 2013; 2014; Seoudy & Aouf, 2016).

For a function Q € A(m) given by (I.1), the g-derivative D, of a

function () is defined by (Jackson 1908;1910).

0/ —
D 0(8) = (E’?_ 3 ;5) (E+0,0<qg<1) (1.2)
and D,02(0) = Q'(0) and DZ2(¢) = D, (Dqﬂ(f)). From (1.2), we deduce that
D) =1~ Y [rlgo, &,
r=m+1

where

1—q"

[r]q=1_2=1+q+---+qr—>r. (1.3)

Asq — 17, [r]q — r, for a function A(§) =¢&7, we get
Dy (&) = [rlg&™
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lim (0,(§7) = 7§ = A'()

where A’ is the standard derivative.

Employing the g-derivative of a function () € A(m), we develop a generalized
framework for g-neighborhoods of analytic functions which is generalizes the
neighborhood defined by Goodman (1957) and Ruscheweyh (1981).

Definition 1.1 Let 2 € A(m) of the form (1.1) and § = 0, we define the (m, §, q)-
neighborhood of (2 as follows:

o0}

Ny s q(Q) = {A eA(m): A) =¢& — Z 7, &7 and Z [rlgloy — 1] < 5} (1.4)

r=m+1 r=m+1

For the identity function e(¢) = &, we have

co

Ny 5.0 (€) = {AeA(m):A(E)=f— Z T, & and Z [rl, |Tr|s5} (1.5)

r=m+1 r=m+1

A function {2 € A(m) is said to be g-starlike of order a, that is, Sg(a, m) if it
fulfills the following statment

EDq(Q(E)))
Re| ———— ] > q, ey, 0<qg<l1
( 0® E y
Beyond this , a function £2 €4(m) is belong to the g-convex of order a, C,(a, m)
Dy($ D (ﬂ(s‘)))>
Re | 1= >a, 0<a<1l 0<gq<l1, € U.
( D,0() ? :

The classes Sq(a,m) and C,(a,m) established by Seoudy and Aouf (2016)
and Aldweby And Darus (2016).

To proceed, we recall the q- Ruscheweyh operator established by Aldweby and
Darus (2014), which plays a fundamental role in our results.

Definition1.2: If 2 € A(m) , the g- Ruscheweyh operator expressed by
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B [r+4—1],! .
R3N(§) = <$+r;+1 =11, o, & (1.6)
where [r],! given by
frlgt = { et~ Ha- o T (17)

Forq — 1, we get

[r+A-1];! .
11m R'lﬂ(f) =&+ 11m [ Z = 1,] arf
B (r+4iA-1)! .
- 5 + ey (A)! (T _ 1)! O-T'f - Rﬂﬂ(f)l

Since R*2(&) established in (Ruscheweyh, 1975).

Building upon the concept of the g-derivative operator, we define the following
classes of g-starlike and g-convex functions in U.

Definition 1.3: Let 2 €4(m), ,0 <a <1 and 1 > —1. Then 2 € S ;(a,m) ifit

satisfies the following inequality:

D, (R}0
Re(f q(lq (E))>>a, felU, 0<g<l1
Rg02(%)
where R{} is defined by (1.6). Also 2 € C,;(a, m) if it satisfies the inequality
Da(£D, (RAQ(D))
7 Qa, §evu, 0<g<1
Dq(Rg£2(5))

Noting that
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§Dq (R72(E))

lirr%S;’O(a, 1) = {.Q € A: lirr}Re< ) >aq,é € U} = S*(a),
q- q-

R30(&)
limC, o (a,1) =40 € A: lim R Pa(¢Dq (Réﬂ(f))) > vb=c
ql_rg go(a, 1) = € .ql_rg e Dq(Rc){-Q(f)) a,é € = C(a),

In this context, S*(a) and C(a) refer to the standard classes of starlike functions of
order o and convex functions of order a in U(see Ma & Minda (1992)).

2. Analytic Properties for N, 5 o (e):

To establish inclusion relations involving the (m,0, ¢ ) neighborhood ,we first prove
the following key lemma:

Lemma 2.1 Let () €A(m) given by (1.1). Then Q € S, (a, m) if and only if

oo}

[r+2—1]g!
Z ([r]q—a)mlcrlgl—a, 0<a<1 (2.1)

r=m+1
Further, (1 € Cy, (o, m) if and only if

[oe)

D [rlgCalr = 1lq + (1 = )

r=m+1

[r+2—1],!

mlmlﬁl—m 0<ax<1 (22)

We begin by characterizing the inclusion properties of Np, 5 4(e) :

Theorem 2.2 Let

(1 —a)(1 +q[m]g)[A]4! [m]g!
(1—a+q[m]y)[m +A],!

Where a € [0,1),q € (0,1),A > —1,m € N. Then
Sgalo,m) € Ny, 5.4(€).

Proof. For Q € S, (o, m) and making use of the condition (2.1), we obtain
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+1 m+ gt 2.3
(m +1)g =ty ), or<1-a (2:3)
r=m+1

On the other hand, we also find from (2.1) and (2.3) that
[m + A]q
. [m Z ([rly — 0o, < 1 — @ (2.4)
I' m+1
m+x m+x =
q! [m Z [rlq ! [m]. & z Or
I' m+1 r=m+1

Hence,

(1 — o) (1 + q[m]g)[A] m]g!
z[r]q'“fs (1—a+q[mq)m+}\q. -

r=m+1

Which in view of (1.5), proves Theorem 2.2.
Remark 2.1 If A = 1, we obtain that

Z [l 1- 0()(1 + gq[m q)

.op <
"7 (1 - a+q[m]y)[m+ 1],
for RgQ = ED4Q, Q € S;(a, m).

By employing the same method with (2.2) substituted for (2.1), the proof technique
yields the following immediate consequence.

Corollary 2.3 Let

_ (1 - O()[}\]q' [In]q|
(1 —a+qg[m]y)[m+ 2],
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where a € [0,1),q € (0,1),A > —1,m € N. Then

Cqala,m) © Ny, 54(e).

Remark 2.2 If A = 1, we obtain that

o}

1-w B
Z Irlq: (1—(x+q lg)[m + 1] =6

r=m+1

for RgQ = §Dy 0, Q €Cq(a, m).

3. Neighborhoods for the Classes S;(f) (o, m) and C(B) (o, m):

Our investigation focuses on the neighborhood properties of the following q-
calculus function classes

A function Q) EA(m) is belong to the class S (B)(a, m) if for some function
A € Sg; (o, m) such that

|ﬁ2 1|<1-p EGUO<p<D) (3.1)

Analogously, a function Q EA(m) belongs to the class C((f}z (a,m) if for some
function A € Cgy (o, m) where the inequality (3.1) holds true.

Theorem 3.1 If A € S ; (o, m) and

+ Al,!
. [(qm +[m]q — @) [[)qu! [n}]qq!]
p=1- [m + 2], 3:2)
(g™ + [m]y). [(qm + [m]q — a)m -(1- 0()]
then

Nmsq(A) © S;(f) (o, m)
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Proof. Let ) € Ny, 5 4(A) , we then find from the Definition 1.1 that

z [r]qlo_r - Tr| < 8;

r=m+1

which readily implies the coefficients inequality:

E:wfau_ []

r=m+1

Since, A € S, (o, m), we have

1—a
Z o= [m + 7\
r=m+1 (qm + O()
So that,
Q(E) 1| Zlc:o:m+1|0-r - 1:rl
A(E) 1- Z;():m+1 Tyr

- [m + A]!
5. [(q +[m]q — @) [{i! [m]qq!]

< -
h + Alg!
(am + ). (o™ + bml = @) i — (1= )

provided that 8 is given by (3.2). Thus, from (3.1), we have ,{) € S;’(f) (a, m) for 8
specified by (3.2). Hence, the argument is complete.

Theorem 3.2 If A € Cg (a, m) and

B=1-

([m + 1]). [[m +1]4(q™ + [m]q — a)m —(1- a)]
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then

Nmsqa(@) © € (o, m)

Proof. Let Q) € Ny, 5 4(A) , we then find from the Definition 1.1 that

z [r]qlo_r - Tr| < 8;

r=m+1

Consequently, we derive the following coefficient estimate

Z |O' -1 | < L
L r rl = qm + [m]q
Since, A € Cqy (o, m) , we have
> - 1—a
T
r = [m+ A],!
rfmt [m o+ 1g(q™ + [m]g — «) [qu! [,
So that,
Q(E) 1| Zlc:o:m+1|0r - Trl
A(E) 1- Z?):m+1rr
[m + A],!
) 0. [[m + 1]q(Q[m] +1- a) Wm]qq!] _1og
Alg!
(1m+ 110 [im + g (atmly + 1~ fE2E — 1 )

provided that 8 is given by (3.3). Thus, from (3.1), we have ,Q) € C(B) (o, m) for B
specified by (3.3). Hence, the argument is complete.
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Remark 3.1 Taking A =1 and q — 1 in the above results, we can derive the
corresponding inclusion relations obtained by Altinta and Owa (1996).
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