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Abstract: In this research, we shall discuss the
oscillation behavior of solutions for second order
nonlinear differential equations. By employing a
generalized Riccati transformation and an averaging
technique, we derive some new oscillation conditions for
all solutions. Our results are extention for some well
known oscillation results. The relevance of our results is
illustrated by some examples.
Keywords. Sufficient Conditions, Oscillation, Nonlinear
Differential Equations.
1. Introduction:

This paper is concerned with the problem of the
oscillation of solutions for the following second order

nonlinear ordinary differential equation:
(r® w (x®)*®)" +G(t, x(1) = H{t x(1), (1) , t>t
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Where
reC(l,R,), yeCR,R,), | =[t,,0),R=(—0,0),R, =(0,0)
Throughout this paper, we shall impose the following

conditions :

0. GeC(IxR,N) and there exists aC(1,R) such that

Gt x(t))
g(x(®))
g'(x)=k>0 for x=0 .

>q(t) and 9<C(R,R) such that xa(x)>0 and

0,- Hec(xn? w) and there exists meC(l,%,) such

that H( (1), x(®) m(t) for x=0-
g(x(t))

In the paper of Amhalhil [2], the oscillatry behavior of
Equation (1) was discussed in the case when the right
hand side equal to zero; that is when H(t, x(t),x(t)) = 0.
The oscillation property has wide applications especially
physical sciences, technology and chemical reaction, one
can see Agarwal et al. [1], Manojlovic [8] and Tiryaki et
al. [10]. Howefere, among numerous papers dealing with
this property we choose to refer to Elabbasy [3], Grace et
al. [5], and the recent paper of Elabbasy et al. [4] and
Salhin [9].
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Here, in this paper, it will be assumed that the
solutions of Equation (1) exist for t, =0 | Further, a
solution x(t) of Equation (1) is called regular (infinity
continuable ) if x(t) exists for all t>t, . A regular
solution of Equation (1) is called oscillatory if it has
arbitrarily large zeros and non oscillatory if it is
eventually positive or eventually negative.

2. Main Results:
Theorem 2.1: Suppose that

0,: r)<l, vtxt,,

O,: Lzl2 for all xe,

(X
1t S
o;: !LTE”[q(U) — m(u) Huds = oo.
Then every solution of Equation (1) is oscillatory.
Proof. Without loss of generality, we may assume

that there exists a solution x(t)>0 on [t,,) for some

T, >t,>0. Define

oty — TOV @O (=T,
9(x(V)

(@)
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Then, for t>T,, we get
a(t) = (r®w xOXO®) _ r®y xO)X*1)g'(x()
g(x(t)) g2(x(1)) ’
And so, from Equation (1), we have

o) = HEXOXO) _ GEXO)  rOy (XWX 0g'(x®)
gx®) 9V o)

Then, for every t >T,, we obtain

r(y (x(O)%° (09’ (x(1)
g*(x(1)) |

a(t) <m(t) -q(t) -

3)

Thus, for every t>T, , we have

o)<t - [V ST s - [lq(s) - mis)ks

Then, by definition of o , we get

rOy (O _
g(x()

o ! FS)w (x(8) %2 (5)g'(X($))
I

s - J[a(s)-m)} T
s— [la(s)-m(s)ps, t>T,,
] 02 (x(s) T !

Where C=w(T,) is a real constant. Now, from conditions

O, and O,, we have

rOy (EOXO _ o Ky v XS] 4
g(x(t)) =¢- T;[|: g(x(s)) } ds — _“q(s) —m(s)]ds,

T

Integrating again and dividing by t, we obtain
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IR0 _( j ”{““)V'(X(“))X'(“)Tduds
t

o 9(x(s) g(x(u))

T1 T

—= j j q(u) — m(u)Jduds, t>T,

Tl T

kli Is a positive constant. Then, for t>T, , by

1

where d =

condition O, we obtain

i PO OO o
S gx(s)

(4)

Now, defining

V(D)=

rOWEGE) o
FTIO)

Q)

and applying Schwarz’s inequality, we have

V()=
n 9(x(s)) Tl 9(x(s))

jr(s)w(x(s))x(s) ‘ I|r(s)w(x(s))x(s)|d . m ds

g(x(s))

Thus,

daslr. Y 0 XY sdg — W Sualim S ot =iy ) BIST Lot Al

Yv o

t_n”h@W4M9W@M}S



Some New Sufficient
Conditions for The Oscillation
of Nonlinear Ordinary
Differential Equations

rY (X[ o
g(x(s) |

Vz(t)Sth

(6)

Using condition O, we obtain

-V, d j j-[r(u)t//(x(u)))'((u)T duds <0,
t ot g(x(u)) B

Then, forall t>T, , we have

T, T,

STONAIRCTON

t ;S
which follows that
t 2
0 [VIE) 4 VO
ty s t
(7)
Thus, for all t>T,, inequality (7) becomes
2
d?| ;VZ2(s) V(1)
t—sz 5 ds} < 7

Then, for t>T, , we define

o) = VT(S) ds.

(8)

Then, we get
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Integrating the last inequality from T, to t, we obtain

( J 1 1 1

d?In < .

T,) o) ot of,)
9)

This is a contradiction and hence the proof is complete.

Example 2.1: Consider the equation:

1Y 2 +1). .. | 2 o2 x° (1% (t)
[(t+lj{x2(t)+2jx(t)} O +x (t))_t3(>'(2(t)+1)(x2(t)+1)' t>0
(10)
We note that

0< r(t):i<1 for all t>0,
t+1

2 2
z,//(x)=x2 +1>0 and L=X2+2>1 VXeR,

X +2 w(x) x“+1
sex®) xol2ex®) (2 2 ) 2

: = :(t +X (t))zt =q(t) forx=0 and telty,)

g(x(1)) x(t)

and xg(xX)=x*>0 and g'(x)=1>0 for x=0,

H(t, x(t), x(t)) _ X ()X (t) <1_ m(t) vx#0, xeR,t>0,

g(x(t) _x(t)t3(X2+1Xx2+1) e
I|m ” q(u) — m(u)}juds—llm ”[u ——}duds

to to
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C1lst 1 tds s
=lim=| —+———+—
oot|12 258 3 2t
It follows that by Theorem 2.1, Equation (10) is
oscillatory.

Theorem 2.2: Suppose that the condition O, holds and

T ds

6 - to@_

0,: [[a) - s ==

to
Then every solution of Equation (1) is oscillatory.
Proof. Let x(t) be a non-oscillatory solution of Equation
(1), say x(t)>0 for t>T,>t,. Define

o)~ FOV KO
9(x(1)

Then, for t>T, , we get
a(t) <m(t) - q(t) ,

Then, for every t>T, , we obtain

o(t) < o(T,) - [[a(s) -m(s)bs.
(11)
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Then, by definition of », we get

rOy (x®)x(®)
g(x(®)

By condition O, there exists T, >T,, such that

<o(Ty) - [[a(s) - m(s)lds.

X(t) <0, for t>T,
Also, by condition O, implies that there exists T, >T, ,

such that

Tf[q(s) —m(s)jds =0 and j'[q)s) -m(s)lds>0, t>T,.

Integrating Equation (1), we get

Oy (XEDXE) = 1Ty (XT))X(T, ) + [ H(s, (), x(s))ds — [ G(s, x(s))ds.

Then, for t>T,, we have

Oy (X)X < (T, )y (XT,DX(T,) - [ g(x(s)acs) - m(s)lds

< r(T,)w (X(T))X(T,) - g (x(®)) [ [a(s) - m(s)]ds

+ [ x(5)g'(x(s))[ [a(u) - m(u)Huds.

Hence, for t>T,, we obtain
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r(©)w (X©)X() < r(T,)y (X(T,))X(T).
Then, for every t>T,, we have
r)x@) <r (™) (X(T,))X(T,)1, , t>T,.
Thus,

X(®) <1, (T, (X(T))x @)E

(12)
Integrating the inequality (12) from T, to t, we obtain

x(t)<x(Tz)+lr(Tz)w(x(T)x(mj—» ©  as tow,

which is a contradiction to the fact that x(t) >0 ; hence,
the proof is complete.

Example 2.2: Consider the equation:

t? ) 2x*(t)+3). X3 (t)x* (t)(sint —1)
Kt2+1J(2x2(t)+4jx(t)} +X(t)( o ()j L2 +1)
(13)
We note that

2 0 ©
O<r()= Zt <1 and £:J‘(l+ijds=oo, t>0,
t°+1 ir(s)
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1 2x* +4
5 > and =—
2X° +4 w(x) 2x°+3

1, 4
Gt x(t) _ X(t)(t " “’j
g(x(t)) x(t)
and xg(x)=x*>0 and g'(x)=1>0  for x#0,

>1 for all xeR,

:[%+x4(t)]2%=qa) for all x=0 and teft,

H(t, x(t), x(t)) _ x*x*(sint—1)
g(x(t))  [@+x3)x* +1)

HQ(S) —m(S)hS=IE—sins+l}ds: Ins +coss +5| =oo,
t t

S(sint-1)=m(t) Vx,xe®R, and telt,,x)

It follows that by Theorem 2.2, Equation (13) is
oscillatory.

Remark 2.1: Theorem 2.1 and Theorem 2.2 extend the
results of Graef et. al. [6] and Li and Cheng [7].
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