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Abstract: In this research, we shall discuss the 

oscillation behavior of solutions for second order 

nonlinear differential equations. By employing a 

generalized Riccati transformation and an averaging 

technique, we derive some new oscillation conditions for 

all solutions. Our results are extention for some well 

known oscillation results. The relevance of our results is 

illustrated by some examples. 

Keywords. Sufficient Conditions, Oscillation, Nonlinear 

Differential Equations. 

1. Introduction:  

             This paper is concerned with the problem of the 

oscillation of solutions for the following second order 

nonlinear ordinary differential equation: 

           0,))(),(,())(,()())(()( tttxtxtHtxtGtxtxtr 
                               

(1) 
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Where  

),(  ICr , ,),( C ),0(,),(,),[ 0  tI  

Throughout  this paper, we shall impose the following 

conditions :   

1O : ),(  ICG  and there exists ),(  ICq  such that 

)(
))((

))(,(
tq

txg

txtG
  and ),( Cg  such that  0)( xxg  and   

00)(  xforkxg  .  

2O : ),( 2  ICH  and there exists ),(  ICm  such 

that )(
))((

))(),(,(
tm

txg

txtxtH



0xfor .     

  In the paper of Amhalhil [2], the oscillatry behavior of 

Equation (1) was discussed in the case when the right 

hand side equal to zero; that is when 0))(),(,( txtxtH  . 

The oscillation property has wide applications especially 

physical sciences, technology and chemical reaction, one 

can see Agarwal et al. [1], Manojlovic [8] and Tiryaki et 

al. [10]. Howefere, among numerous papers dealing with 

this property we choose to refer to Elabbasy [3], Grace et 

al. [5], and the recent paper of Elabbasy et al. [4] and 

Salhin [9].  
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          Here, in this paper, it will be assumed that the 

solutions of Equation (1) exist for 00 t  . Further, a 

solution )(tx  of Equation (1) is called regular (infinity 

continuable ) if )(tx  exists for all  0tt   . A regular 

solution of Equation (1) is called oscillatory if it has 

arbitrarily large zeros and non oscillatory if it is 

eventually positive or eventually negative.  

    2. Main Results: 

Theorem 2.1:  Suppose  that 

3O :  ,)( 01 ttltr   

4O :
 

,
)(

1
2  xallforl

x
 

5O :

  

   


t

t

s

t
t

dudsumuq
t

0 0

.)()(
1

lim  

Then every solution of Equation (1)  is  oscillatory. 

 Proof.  Without  loss  of  generality,  we  may  assume  

that  there  exists  a  solution  0)( tx  on  ),[ 0 t  for  some  

001  tT . Define  

                 
.,

))((

)())(()(
)( 1Tt

txg

txtxtr
t 


                              

(2) 
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Then,  for  1Tt   ,  we  get 

 
,

))((

))(()())(()(

))((

)())(()(
)(

2

2

txg

txgtxtxtr

txg

txtxtr
t




 



  

And so, from Equation (1), we have 

,
))((

))(()())(()(

))((

))(,(

))((

))(),(,(
)(

2

2

txg

txgtxtxtr

txg

txtG

txg

txtxtH
t








  

Then, for every 1Tt  ,  we  obtain 

,
))((

))(()())(()(
)()()(

2

2

txg

txgtxtxtr
tqtmt








                             

(3) 

Thus, for every   1Tt 

 
, we have 

  .)()(
))((

))(()())(()(
)()(

1 1

2

2

1   




t

T

t

T

dssmsqds
sxg

sxgsxsxsr
Tt


  

Then, by definition of    , we get 

  ,1,

1 1

)()(
))((

2

))(()(
2

))(()(

))((

)())(()(
Tt

t

T
ds

t

T
smsqds

sxg

sxgsxsxsr
C

txg

txtxtr
  




 

 

Where )( 1TC   is a real constant. Now, from conditions 

3O  and 4O , we have 

  ,)()(
))((

)())(()(

))((

)())(()(

1 1

2

1

2

  









t

T

t

T

dssmsqds
sxg

sxsxsr

l

kl
C

txg

txtxtr  

 

Integrating again and dividing by t, we obtain 
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  

 






















t

T

s

T

t

T

s

T

t

T

Ttdudsumuq
t

duds
uxg

uxuxur

t

d

t

T
Cds

sxg

sxsxsr

t

1 1

1 11

1

2

1

,)()(
1

))((

)())(()(
1

))((

)())(()(1  

 

where 
1

2

l

kl
d   is a positive constant. Then, for 1Tt   , by 

condition 5O , we obtain 

                     



t

T
t

ds
sxg

sxsxsr

t
1

))((

)())(()(1
lim


                                             

(4) 

Now, defining 

                             

,
))((

)())(()(
)(

1



t

T

ds
sxg

sxsxsr
tV


                                           

(5) 

and  applying  Schwarz’s  inequality,  we  have 

.,
))((

)())(()(
)(

1
))((

)())(()(

))((

)())(()(
)(

1

2

1

2

22

2

1

111

Ttds
sxg

sxsxsr
Tt

dsds
sxg

sxsxsr
ds

sxg

sxsxsr
tV

t

T

t

T

t

T

t

T

















 

 

Thus, 



 

Some New Sufficient 

Conditions for The Oscillation 

of Nonlinear Ordinary 

Differential Equations 

  
 

Jaffalah J. Amhalhil 

 

 

جامعة .م 2023 يوليو -الثانيالعدد – الثانيالمجلد  –المجلة العلمية لكلية التربية
  .سرت

 

33 

                                

.
))((

)())(()(
)(

2

2

1

ds
sxg

sxsxsr
ttV

t

T




                                          

(6) 

Using condition 5O  we  obtain 

  










t

T

s

T

duds
uxg

uxuxur

t

d

t

tV

2 2

.0
))((

)())(()()(
2


 

Then, for all   2Tt 

 
 , we have 

 


t

T

ds
s

sV

t

d

t

tV

2

,0
)()( 2

 

which follows that 

                                       

.
)()(

2

2

 

t

T
t

tV
ds

s

sV

t

d
                                               

(7) 

Thus, for all  2Tt  , inequality  (7) becomes 

.
)()(

2

2
2

2

2

2

2
t

tV
ds

s

sV

t

d
t

T
















  

Then, for  2Tt   , we define 

                                             

.
)(

)(

2

2


t

T

ds
s

sV
t                                              

(8)     

Then, we get 
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.
)(

)(
2

2

t

t

t

d




  

Integrating  the  last  inequality  from  ttoT2 , we  obtain 

                                 

.
)(

1

)(

1

)(

1
ln

222

2

TtTT

t
d











                                     

(9) 

This is a contradiction and hence the proof is complete. 

Example 2.1:   Consider the equation: 

    

  .0,
)1)()(1)((

)()(
)()()(

2)(

1)(

1

1
223

23
22

2

2






































t
txtxt

txtx
txttxtx

tx

tx

t 




            (10)  

We note that 

 ,01
1

1
)(0 


 tallfor

t
tr  

,1
1

2

)(

1
0

2

1
)(

2

2

2

2










 x

x

x

x
and

x

x
x




    ),0[0)(
2

)(
22

)(

)(
22

)(

))((

))(,(



 ttandxfortqttxt

tx

txttx

txg

txtG

        ,001)(0)( 2  xforxgandxxxgand  

  
,0,,0)(

1

11)(

)()(

))((

))(),(,(
3223

23




 txxtm
txxttx

txtx

txg

txtxtH






     











t

t

s

t
t

t

t

s

t
t

duds
u

u
t

dudsumuq
t

0 00 0

3

2 11
lim)()(

1
lim  
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,
232

1

12

1
lim

2

1

32

1

3

1
lim

0

0

2

0

3

0
4

2

0

3

0

2

3























 

t

t
t

t

t
t

t

sst

s

s

t

ds
t

t

s

s

t
 

It follows that by Theorem 2.1, Equation (10)  is  

oscillatory. 

Theorem 2.2:   Suppose that the condition 4O  holds and  

6O :   ,
)(

0





t

sr

ds
 

7O :

 

  ,)()(

0




t

dssmsq  

Then every solution of Equation (1) is oscillatory. 

Proof. Let )(tx  be a non-oscillatory solution of Equation 

(1), say 0)( tx  .00 tTtfor   Define  

,
))((

)())(()(
)(

txg

txtxtr
t


   

Then, for 0Tt   , we get 

,)()()( tqtmt   

Then, for every 0Tt   , we obtain 

                               

  .)()()()(

0

0 dssmsqTt

t

T

                                    

(11) 
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Then, by definition of  ,  we get 

  

t

T

dssmsqT
txg

txtxtr

0

.)()()(
))((

)())(()(
0

 
 

By condition 7O  there exists 01 TT  , such that 

,,0)( 1Ttfortx   

Also, by condition 7O  implies that there exists 12 TT   , 

such that 

    .,0)())and0)()( 2

2

1 2

Ttdssmsqdssmsq

T

T

t

T

 

 

Integrating Equation (1), we get 

 

t

T

t

T

dssxsGdssxsxsHTxTxTrtxtxtr

22

.))(,())(),(,()())(()()())(()( 222
 

 

Then, for 2Tt  , we have 

  

t

T

dssmsqsxgTxTxTrtxtxtr

2

)()())(()())(()()())(()( 222
   

                              

 

  







t

T

s

T

t

T

dudsumuqsxgsx

dssmsqtxgTxTxTr

2 2

2

.)()())(()(

)()())(()())(()( 222





  

Hence, for 2Tt  , we  obtain 
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).())(()()())(()( 222 TxTxTrtxtxtr     

Then, for every 2Tt  , we have 

.,).())(()()()( 22222 TtlTxTxTrtxtr     

Thus, 

             
.

)(

1
)())(()()( 2222

tr
TxTxTrltx                                                

(12) 

Integrating the inequality (12) from ttoT2 , we obtain 

,
)(

)()(()()()(

2

22222   tas
sr

ds
TxTxTrlTxtx

t

T



 

which is a contradiction to the fact that 0)( tx  ; hence, 

the proof is complete. 

Example 2.2:  Consider the equation: 

     

  
.0,

1)()(1

)1)(sin()(
)(

1
)()(

4)(2

3)(2

1 42

43
4

2

2

2

2

















































t
txtx

ttxtx
tx

t
txtx

tx

tx

t

t






         (13) 

We  note  that 

 
 














0 0

,0,
1

1
)(

1
1

)(0
22

2

t t

tds
ssr

ds
and

t

t
tr  
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,1
32

42

)(

1
0

42

32
)(

2

2

2

2










 xallfor

x

x

x
and

x

x
x




),[0)(
1

)(
1

)(

)(
1

)(

))((

))(,(
0

4

4





















 ttandxallfortq
t

tx
ttx

tx
t

tx

txg

txtG

        ,001)(0)( 2  xforxgandxxxgand  

  
),,[,,)()1(sin

11

)1(sin

))((

))(),(,(
042

43





 ttandxxtmt

xx

txx

txg

txtxtH






  ,cosln1sin
1

)()(
0

00














 t

tt

sssdss
s

dssmsq  

It follows that by Theorem 2.2, Equation (13) is 

oscillatory. 

Remark 2.1:  Theorem 2.1 and Theorem 2.2 extend the 

results of Graef et. al. [6] and Li and Cheng [7].    
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 بعض الشروط الكافية الجديدة لتذبذب المعادلات التفاضلية العادية الغير خطية
 جفالة جمعة امهلهل

 قسم الرياضيات, كلية التربية, جامعة سرت, ليبيا
 

 المستخلص العربي
من في هذا البحث, سنناقش سلوك التذبذب لحلول المعادلات التفاضلية غير الخطية 

الرتبة الثانية. من خلال استخدام تحويل ريكاتي المعمم وتقنية المتوسطات, نشتق 

بعض شروط التذبذب الجديدة لجميع الحلول. نتائجنا توسيع لبعض نتائج التذبذب 

 المعروفة. تتضح أهمية نتائجنا من خلال بعض الأمثلة.


