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Abstract:  

      In this paper, some oscillation criteria for solutions of second order 

damped nonlinear differential equations of the form  

)()(),(,)())(()()),(()()()()())(()( EtxtxtHtxtxtrtxgtqtxthtxtxtr 
































 

are obtained. Our results improve and extend some existing results in the 

literature. Some examples are given with its numerical solutions, which are 

computed using Runge Kutta method of fourth order to illustrate our results. 

 الملخص:

ن الدرجة الثانية في هذا البحث، نقدم بعض معايير التذبذب لحلول المعادلات التفاضلية الغير خطية م
 ذات الصورة العامة:

)()(),(,)())(()()),(()()()()())(()( EtxtxtHtxtxtrtxgtqtxthtxtxtr 
































لأمثلة التوضيحية الموجودة في الدراسات السابقة. تم إعطاء بعض انتائجنا تحسن وتوسع بعض النتائج 
لنتائج النظرية كوتا من الرتبة الرابعة لتوضيح صحة ا -والتي تم حلها عدديا" باستخدام طريقة رونج

 المتحصل عليها في هذا البحث.

Keywords: Damping terms, Nonlinear differential equations, Oscillatory 

solutions, Runge Kutta method. 
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1. Introduction 

      This paper deals with the problem of oscillation of the solutions of the 

second order damped nonlinear differential equations of the form  

)())(),(,()())(()()),(()()()()())(()( EtxtxtHtxtxtrtxgtqtxthtxtxtr






















  

where hr ,,  and q are continuous functions and .00)( 0  ttfortr  g is a 

continuous function for   ,x , continuously differentiable and satisfies   

          0)( xxg  and 0)(  kxg  for all 0x .                                            (1) 

The function  is continuous on RxR with 

0),(  vuu  for all u 0  and ),(),( vuvu    for any ),,( vu R3.             (2) 

and H is a continuous function on  ,0t ×R×R with         

          )(
))((

))(),(,(
tp

txg

txtxtH




 for all x 0 and 
0tt  .                                            (3) 

Equation (E) is said to be superlinear if 

                                      



)(

0
ug

du
 for every all .0  

      Throughout this study, our attention is restricted only to the solutions of 

the equation (E) which exist on some ray  ,0t . Such solution of the equation 

(E) is said to be oscillatory if it has an infinite number zeros, and otherwise it 

is said to be non-oscillatory. Equation (E) is called oscillatory if all its 

solutions are oscillatory, otherwise it is called non-oscillatory. The problem of 

determining oscillation criteria for second order nonlinear ordinary 

differential equations has received a great deal of attention of many authors. 
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Among numerous papers dealing with this subject we refer, for example to [1-

26] and the references cited therein.  

The equation (E) includes Emden-Fowler equation : 

0,0)(sgn)()()( 





txtxtqtx                                                       (𝐸1) 

The conditions for oscillatory soltions of the equation (𝐸1) are studied by 

many authors (see [1], [26], etc). 

The equation (E) also includes the following equation: 

(𝑟(𝑡)�̇�(𝑡))∙ + 𝑝(𝑡)�̇�(𝑡) + 𝑞(𝑡)𝑓(𝑥(𝑡)) = 0                                      (𝐸2)                                                 

which have been considered by X. Beqiri and E. Koci [1]. They established 

some sufficient conditions for the oscillation of the equation(𝐸2). 

  2. MAIN RESULTS 

      We state and prove here our oscillation theorems 

Theorem 2.1:  Suppose that conditions (1), (2) and (3) hold and 

(4)       0,,)( 2121  aaaxa  and for .Rx  

(5)       .0)( 0ttforth   

(6)       .0,0)(  tallfortq  

Furthermore, suppose that there exists a positive continuous differentiable 

function  on the interval  ,0t  with ,0)( 


t   ,0))()(( 


trt  ,0))()(( tht

and such that 

(7)   

 

.,
)()(

0

0

ttforevery
ssr

ds

t
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(8)     ,)(

0




t

dss

  

where  Ω(𝑡) = 𝜌(𝑡)(𝐶0𝑞(𝑡) − 𝑝(𝑡)) −
𝑎2 �̇�

2(𝑡)𝑟(𝑡)

4𝑘𝜌(𝑡)
. 

Then, every solution of super-linear equation (E) is oscillatory. 

Proof: Without loss of generality, we may assume that there exists a solution 

x(t) of equation (E) such that   .0,,0)( 0  tTsomeforTontx Define   

Tt
txg

txtxtr
t 






,
))((

)())(()(
)(  

This, conditions (1), (2), (3), (6) and (E) imply 

 
 

Tt
txg

txtxtkr

txg

txth
tptqC

txg

txtxtr

























,
)(

)())(()(

))((

)()(
)()(

))((

)())(()(
2

2

0      (1-1)               

We multiply the inequality (1-1) by )(t and integrate form T to t we have 

𝜌(𝑡)𝑟(𝑡)Ψ(𝑥(𝑡))�̇�(𝑡)

𝑔(𝑥(𝑡))

≤ 𝐶1 − ∫ 𝜌(𝑠)[𝐶0𝑞(𝑠) − 𝑝(𝑠)]𝑑𝑠
𝑡

𝑇

− ∫
𝜌(𝑠)ℎ(𝑠)�̇�(𝑠)

𝑔(𝑥(𝑠))
𝑑𝑠

𝑡

𝑇

+ ∫ [�̇�(𝑠)𝜔(𝑠) −
𝑘

𝑎2

𝜌(𝑠)

𝑟(𝑠)
𝜔2(𝑠)] 𝑑𝑠

𝑡

𝑇

 

   Where .
))((

)())(()()(
1

Txg

TxTxTrT
C







 

Thus 
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𝜌(𝑡)𝑟(𝑡)Ψ(𝑥(𝑡))�̇�(𝑡)

𝑔(𝑥(𝑡))

≤ 𝐶1 − ∫ 𝜌(𝑠)[𝐶0𝑞(𝑠) − 𝑝(𝑠)]𝑑𝑠
𝑡

𝑇

− ∫
𝜌(𝑠)ℎ(𝑠)�̇�(𝑠)

𝑔(𝑥(𝑠))
𝑑𝑠

𝑡

𝑇

− ∫
𝑘

𝑎2

𝜌(𝑠)

𝑟(𝑠)
[𝜂2(𝑠) − (

𝑎2�̇�(𝑠)𝑟(𝑠)

2𝑘𝜌(𝑠)
)

2

] 𝑑𝑠
𝑡

𝑇  

where 𝜂(𝑡) = 𝜔(𝑡) −
𝑎2�̇�(𝑠)𝑟(𝑠)

2𝑘𝜌(𝑠)
 

Thus, for ,Tt  we have 

𝜌(𝑡)𝑟(𝑡)Ψ(𝑥(𝑡))�̇�(𝑡)

𝑔(𝑥(𝑡))

≤ 𝐶1 − ∫ 𝜌(𝑠) [[𝐶0𝑞(𝑠) − 𝑝(𝑠)] −
𝑎2�̇�2(𝑠)𝑟(𝑠)

4𝑘𝜌(𝑠)
] 𝑑𝑠

𝑡

𝑇

− ∫
𝜌(𝑠)ℎ(𝑠)�̇�(𝑠)

𝑔(𝑥(𝑠))
𝑑𝑠

𝑡

𝑇

                                                         (1 − 2)
 

The second integral in R. H. S. of the inequality (1-2) is bounded from above. 

This can be by using the Bonnet theorem, for all ,Tt  there exists  tTat ,  

such that 

− ∫
𝜌(𝑠)ℎ(𝑠)�̇�(𝑠)

𝑔(𝑥(𝑠))
𝑑𝑠 = −

𝑡

𝑇

𝜌(𝑇)ℎ(𝑇) ∫
�̇�(𝑠)

𝑔(𝑥(𝑠))
𝑑𝑠

𝑎𝑡

𝑇

= − 𝜌(𝑇)ℎ(𝑇) ∫
𝑑𝑢

𝑔(𝑢)

𝑥(𝑎𝑡)

𝑥(𝑇)

 

Since   0)()(  tht  and the equation (E) is super-linear, we have 

                                             −∞ < ∫ −
𝑡

𝑇
𝜌(𝑠)ℎ(𝑠)

�̇�(𝑠)

𝑔(𝑥(𝑠))
𝑑𝑠 ≤ 𝐵1,            (1 − 3)
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where 



)(

1 .
)(

)()(
Tx

ug

du
ThTB   

By (1-3) and the condition (8), (1-2) becomes 

dssBC
txg

txsxtrt
t

T






)(
))((

)())(()()(
11



 

By the condition (8), we have 

.
))((

)())(()()(
lim 




 txg

txtxtrt

t


 

Thus, there exists TT 1 such that 0)( 


tx for .1Tt   The condition (8) also 

implies that there exists 12 TT  such that 

                   200 0)()()(0)()()(

2

2

1

TtfordsspsqCsanddsspsqCs

t

T

T

T

    

Multiplying the equation (E) by ,)(t from the conditions (2), (3), (5) and (6), 

we have 

20 ,)())(()()())(()()())(()()( TttptxgttqtxgtCtxtxtrt 












  

 where   .)(,1min0
)(

0 tC
Rt







 

Integrate the last inequality from T2 to t, we obtain 

   











s

T

t

T

t

T

t

T

dsduupuqCusxsxgdsspsqCstxg

dssxsxsrsTxTxTrTtxtxtrt

222

2

)()()()())(()()()())((

)())(()()()())(()()()())(()()(

00

2222
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By the condition (4) and the Bonnet’s theorem, for 2Tt  there exists  tTt ,2  

such that 

   

  2

222122222

,)()()()())((

)()()())(()()()()()())(()()()()()(

22

2

TtdsduupuCqusxsxg

dsspsCqstxgTxxTrTaTxTxTrTtxtrta

s

T

t

T

t

T

t

















 Thus 

222222 ,)())(()()()()()( TtTxTxTrTtxtrta 


  

Dividing the last inequality by )()( trt , integrate from T2 to t and the condition 

(7), we obtain 

          

,,
)()(

)())(()()()()(

2

2222222  


tas
srs

ds
TxTxTrTTxatxa

t

T


  

which is a contradiction to the fact that x(t) >0 for tT. Hence, the proof is 

completed. 

Example2.1 

   Consider the following differential equation 

0,
))()(sin()(

)

)(
)1)((

2)(
8)(5

)(
)(()()(

)1)((

2)(
5

3

4

63

6
12

15
332

63

6






































t
t

txtxtx

tx
txt

tx
tx

tx
txttxttx

txt

tx

      We note that  
3

1
)(

t
tr  , 32 )(,)( ttqtth  , ,

85
),(,)(

44

5
3

vu

u
uvuxxg


   

,
))()(sin()(

))(),(,(
5

3

t

txtxtx
txtxtH




 )(
1))()(sin(

))((

))(),(,(
55

tp
tt

txtx

txg

txtxtH




 and for 

all 0x and .0t  
1

2
)(

6

6






x

x
x and 2)(1  x

 
for all x R
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.
)()(

0

0
31

)()(03)()(,0
1

)()(,)(

00

2

43

2

3


































dss
srs

ds
andt

allfor
tt

trtandttht
t

trtttTaking

tt




  

 

.
12

1

3

1

5

4

11

)(4

)()(
)()()()()1(

0

0

0 0

33

5

0

45

3

0

2

1
0












































  



 

t

t

t t

kss

sC

ds
kss

sCs

ds
sk

srsa
spsqCsdss






 

      All conditions of Theorem 2.1 are satisfied, thus, the given equation is 

oscillatory. We also compute the numerical solutions of the given differential 

equation using the Runge Kutta method of fourth order (RK4). We have    

                   























)(8)(5

)(
)())()(sin()())(),(,()(

4

12

15
33

txt

tx
txtxtxtxtxtxtftx

 
 

with initial conditions 1)1(,5.0)1( 


xx on the chosen interval  100,1 , the 

functions 0)(1)(  thandx , finding values of the function r, q and f where 

we consider ),()(),,(


 xxltfxxtH at t=1, n=500 and h=0.198. 

k 𝑡𝑘  𝑥(𝑡𝑘) 
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            Table 1: numerical solution of ODE1 

1 

2 

3 

4 

5 

6 

. 

. 

17 

18 

19 

. 

. 

28 

29 

30 

1 

1.198 

1.396 

1.594 

1.792 

1.99 

. 

. 

4.168 

4.366 

4.564 

. 

. 

6.346 

6.544 

6.742 

-0.5 

-0.2996 

-0.0975 

0.1048 

0.3069 

0.5082 

. 

. 

-0.0385 

-0.4831 

-0.9274 

. 

. 

0.0846 

0.7061 

0.3129 
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Figure1: solution curve of ODE 1 

 

Remark2.1 

      Theorem2.1 is extension of Theorem 1 of Greaf, Rankin and Spikes [11], 

Theorem 1 of Grace and Lalli [10], Theorem 1 of Moussadek Remail [16] 

and results of Saad [18, 20-22]. All these results of them cannot be applied to 

the given equation in example2.1  

Theorem2.2: Suppose, in addition to the conditions (1), (2), (3) and (4) hold 

that  

(9)     0,
)(

11 


kk
sr

ds

T

 

(10)    .0
)(

)(











allfor
ug

duu
 

(11)  There exists a constant 
*B  such that   

 




m

meveryforBmB
s

ds
mG
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Furthermore, suppose that there exists a positive continuous differentiable 

function    on the interval  ,0t  with )(t  is a non-decreasing function on 

the interval  ,0t  such that 

(12)    ,
)(4

)(
)()()(

)()(

1
suplim

*

2

0  











t

T

s

T
t

dsdu
ura

uh
upuqCu

ssr



  

where     ,0,: 0tp . 

Then, every solution of super-linear equation (E) is oscillatory. 

Proof: Without loss of generality, we may assume that there exists a solution 

x(t) of equation (E) such that   0,0)( 0  tTsomeforTontx . Define    

 
Tt

txg

txtxtrt
t 






,
)(

)())(()()(
)(




 

This and by conditions (1), (2), (3), (4) and (E), we have 

 
Tt

txg

txtrtka
t

t

t
tttqt

txg

txtht
tptt 




,
)(

)()()(
)(

)(

)(
))()(,1()()(

))((

)()()(
)()()(

2

2

1 










 

Thus for ,Tt   we have 

 
Tt

txg

txtrtka

txg

txtht
tttqttpt

t

t
t 










,
)(

)()()(

))((

)()()(
))()(,1()()()()(

)(

)(
)(

2

2

1 







 

Dividing the last inequality by   0)()(,1  tt  , by condition (2), there exists a 

positive constant C0 such that 0))()(,1( Ctt   then, 
  0

1

)()(,1

1
0

Ctt






. 

Thus, for Tt  , we obtain 
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Tt

txgtt

txtrtkaC

txgtt

txthtC

tt

tttC
tptqCt 













,
)()()(,1

)()()(

))(()()(,1

)()()(

)()(,1

)()()(
)()()(

2

2

1000
0














 

Integrate from T to t, we obtain 

∫ 𝜌(𝑠)[𝐶0𝑞(𝑠) − 𝑝(𝑠)]𝑑𝑠 ≤ −𝐶0

𝑡

𝑇

∫
𝜌(𝑠)(𝜔(𝑠) 𝜌(𝑠))⁄ ∙

Φ(1, 𝜔(𝑠) 𝜌(𝑠))⁄

𝑡

𝑇

𝑑𝑠

− 𝐶0 ∫ [
𝜌(𝑠)ℎ(𝑠)

Φ(1, 𝜔(𝑠) 𝜌(𝑠))⁄

�̇�(𝑠)

𝑔(𝑥(𝑠))

𝑡

𝑇

+
𝑎1𝑘𝜌(𝑠)𝑟(𝑠)

Φ(1, 𝜔(𝑠) 𝜌(𝑠))⁄

�̇�2(𝑠)

𝑔2(𝑥(𝑠))
] 𝑑𝑠                                          (1 − 4) 

From the second integral in R. H. S. of (1-4), we have 

−𝐶0 ∫ [
𝜌(𝑠)ℎ(𝑠)

Φ(1, 𝜔(𝑠) 𝜌(𝑠))⁄

�̇�(𝑠)

𝑔(𝑥(𝑠))
+

𝑎1𝑘𝜌(𝑠)𝑟(𝑠)

Φ(1, 𝜔(𝑠) 𝜌(𝑠))⁄

�̇�2(𝑠)

𝑔2(𝑥(𝑠))
] 𝑑𝑠

𝑡

𝑇

=  −𝐶0 ∫ [√
𝑎1𝑘𝜌(𝑠)𝑟(𝑠)

Φ(1, 𝜔(𝑠) 𝜌(𝑠))⁄

�̇�(𝑠)

𝑔(𝑥(𝑠))

𝑡

𝑇

+
1

2
√

𝜌(𝑠)

𝑎1kr(s)
ℎ(𝑠)]

2

𝑑𝑠 +
𝐶0

4𝑎1𝑘
∫

𝜌(𝑠)ℎ2(𝑠)

Φ(1, 𝜔(𝑠) 𝜌(𝑠))𝑟(𝑠)⁄
 𝑑𝑠

𝑡

𝑇

≤  
1

4𝑎∗
∫

𝜌(𝑠)ℎ2(𝑠)

𝑟(𝑠)
 𝑑𝑠                                                           (1 − 5)

𝑡

𝑇

 

where kaa 1

*  . 

By the Bonnet’s theorem, since )(t  is a non-decreasing function on the 

interval  ,0t , there exists  tTT ,1  such that 
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                                     (1-6) 

From the inequalities (1-6) and (1-5) in the inequality (1-4), we have 
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By the condition (11), we obtain 
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  Integrating the last inequality divided by )()( trt  from T  to  t, taking the 

limit superior on both sides  and by conditions (9) and (10), we have 
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tas ,which contradicts to the condition (12). Hence, the proof is 

completed.  

Example2.2: Consider the following differential equation 
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  such that 



 

Oscillation Theorems Concerning 

Damped Nonlinear Differential 

Equations Of Second Order 

 

M. J. Saad 

 N. Kumaresan  

Kuru Ratnavelu 

 

 

 

 جامعة سرت ..م 2023 يوليو - الثانيالعدد – الثانيالمجلد  –المجلة العلمية لكلية التربية 
 

 

28 

.,1,
3

1

3

1
)1(

),1(
)()1( 3

0

3

0

2

0

 










  RmallforandRBBmmmssdss

s

ds
mG

mmm

 
.00)(

1))(cos(

)(

))(),(,(
)2(

77




xandtallfortp
tt

tx

txg

txtxtH

 

Let 4)( tt  such 

that

 

.)
4

1

2

1

11
(

8

1

6

1

110
suplim

4

111
suplim

)(4

)(
)()()(

)()(

1
suplim)3(

*2

11

02*3

10

0

6*7

6

0

4

2

*

2

0





































 

 

t

T
t

t

T

s

T
t

t

T

s

T
t

s
TaT

T
C

sas

s
C

dsdu
uau

uCu
s

dsdu
ura

uh
upuqCu

ssr




         

     All conditions of Theorem2.2 are satisfied and hence every solution of the 

given equation is oscillatory. The numerical solutions of the given differential 

equation are found out using the Runge Kutta method of fourth order (RK4).  

We have 
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with initial conditions 1)1(,5.0)1( 



xx  on the chosen interval  100,1 , 

,0)(,1)(  thx  finding values the function r, q, f where we consider 

),()(),,(


 xxltfxxtH  at t=1 n=500 and h=0.198. 

 

k 𝑡𝑘  𝑥(𝑡𝑘) 
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Table 2: numerical solution of ODE 2 

 

1 

2 
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. 

. 

16 

17 

18 
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31 

32 

33 
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49 

50 

51 

1 

1.98 

1.396 

. 

. 

3.97 

4.168 

4.366 

. 

. 

7.138 

7.336 

7.534 

. 

. 

10.504 

10.702 

10.9 

0.5 

0.7009 

0.9104 

. 

. 

-0.1655 

-0.3608 

-0.5581 

. 

. 

0.0267 

0.2217 

0.4173 

. 

. 

-0.082 

-0.277 

-0.473 
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Figure2: solution curve of ODE 2 

 

Remark2.2: Theorem2.2 extends results of Bihari [5]  and Kartsatos [13] and 

results of Saad [18, 20-22]. Results of Bihari [5], Kartsatos [13] and Saad[18, 

20-22] cannot be applied to the given equation in example2.2. 
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