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Spatio-Temporal Patterns In Toroidally Coupled Oscillator Systems

* Ramadan Hamad Akila * Safia Ramadan Hamad Akila

ABSTRACT. This paper presents a study of the spatio-temporal patterns of oscillations that
are possible in systems of identical oscillators. These oscillators are symmetrically coupled
with the symmetry of a discrete torus. The analysis deals with periodic motions of the entire
array rather than individual cells. It exploits the symmetry of the array using results from
equivariant bifurcation theory. This work presents a complete list of invariants, equivariants,
normal forms, isotropy subgroups and fixed-points subspaces, for the cases with periodicity
N =2, It is carried out for the case of a rectangular array with toroidal symmetry. The
analysis included all the generic equivariant Hopf bifurcations in this setting and determines
the onset, stability and the generic behavior of spatio-temporal patterns for all primary
branches. We also find all possible secondary patterns of oscillations using the H/K Theorem.
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1. INTRODUCTION:
The mathematical analysis presented here, of spatio-temporal patterns in two dimensional
arrays of regularly spaced oscillators with symmetric nearest neighbor coupling, is motivated
by flow-induced vibrations of arrays of parallel circular tubes as found in heat exchangers [2].

Symmetries impose constraints on the trajectories and the equilibria of symmetric systems
leading to richer possibilities of behavior; thus, symmetries both complicate and facilitate the
analysis. The symmetry of a system is measured by its ‘equivariance’. Let '

=) (1)
be a system of differential equations, with a smooth function 7 : R* — R", and consider
a compact Lie group I" acting on R". Then we say that f is I'— equivariant if and only if
flyx) =yflx) forallxeR™, ye I (2)

Many physical systems can be represented at least approximately as systems of N coupled

identical cells, for which the Lie group I' is a subgroup of the permutation group 5, and the
system is I'- equivariant, [11.[9].[11].
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In this paper, we explore a general setting in which I" acts on a finite number of rings of
cells coupled as a discrete torus, defined by a system of differential equations (1). We apply
the Equivariant Hopf Bifurcation Theorem and the H /K Theorem, emphasizing the cases
where the number of rings is two and the number of cells per ring is & = 2.

Results such as these have surprisingly diverse applications. It is anticipated that the
general results presented here will be useful in the analysis of such diverse applications.

2. ISOTROPY SUBGROUPS AND FIXED-POINT SUBSPACES
It is known that the full symmetry I of the system may be “broken” spontaneously to less

symmetry; that is, to a proper subgroup of . This involves concepts such as group orbit,
isotropy subgroup and the fixed-point space [sl. [2].[11].

Let I" be a compact Lie group acting linearly on a vector space V. The orbit group of a point
x eV isdefined as

L=y -x|yel} (3)

If x is an equilibrium solution of (1), i.e. fix) = 0, then every point in its group orbit is also an
equilibrium solution, since by the equivariance condition (2), we have
flyxl=y-flx)=y-0=0
We have the following dichotomy: either ¥x = x for every v « I',(i.e. = has the full symmetry
r), or yx # x for some y « I' and yx is a new solution. In this case we sat that ¥x is conjugate to
X.

One can quantify the symmetry of a point x € v as follows. The symmetry of xis
measured by its isotropy subgroup of ", defined by

L. ={cel|o-x=x} (4)

The equivariance of non-linear mappings forces them to have linear invariant subspaces.
These invariant subspaces correspond naturally to certain subgroups of I and play an
important role in reducing the dimension of the system, to a more easily solved reduced
equation. If ¥ c I is any subgroup. The fixed-point subspace of X is defined by

Fix(I)={xeV]|ox=x voell} (5)
which is a doubly invariant subspace, not only invariant under the action of the group I', but
also invariant under the flow defined by the solutions of (1).

For each isotropy subgroup X there is a corresponding fixed-point subspace Fix(Z) . A
solution branch of the system (1) which breaks the symmetry group I', and has its own
symmetry X, must lie in the corresponding fixed-point subspace Fix(Z) . Therefore, to find a
solution x with symmetry %, it suffices to solve the restricted system f|z:z, = 0. Under the
equivariance property this reduction to fixed-point subspaces is a powerful tool and is used
extensively in the analysis of non-linear symmetric systems.

3. INVARIANT AND EQUIVARIANT NORMAL FORMS
Equivariance conditions are important in determining the normal form of the system. For a
compact Lie group I', acting on a vector space V. a real-valued smooth function g : v — Ris
invariant under I' if
gly - x) = glx) (6)
for every x e ¥, ¥ € I . An invariant polynomial is defined in the same way, by restricting g to
be a polynomial in this definition. An important result for a given action of I is that there is
always a finite subset of invariant polynomials A = {u.....u.}, ‘spanning’ the invariant
functions in the following sense. Any smooth invariant function g can be written as
g0 = hlu, (), .., u,(x)) (7)
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for some smooth function k. The set A generates a ring and is called a Hilbert basis of
invariants.
Now consider an equivariant mapping f : ¥ — V as above. The equivariant normal form of
f can be introduced as follows. There exists a finite set of I'-equivariant polynomial maps
vy ey 1V = ¥ osuch that
F) = BE_, by (u, (), g (3)) - 1 () (8)
where k. (k = 1,....») and «;(j = 1,....s) are invariant functions as defined above.

4, THE H/Kk THEOREM
The goal of this paper is to classify all possible spatio-temporal patterns of periodic solutions
of (w.2)toroidally coupled oscillator systems. This goal is accomplished by means of the
H/K Theorem.

If x(t) is a T-periodic solution of (1), then for any v  I".¥x(t} is another T-periodic
solution of (1). By the unigqueness of solutions, the trajectories of yx(t) and x(t} either are
identical or do not intersect. Suppose that the trajectories do not intersect, then uniqueness of
solutions implies that there exists & R such that

yxlt +8) =x(¢) (@)

In fact, since x(t) is T-periodic, we can always choose & € [0.T) = R. From here on in this
paper, let us assume that the time t has been rescaled for convenience, so that T = 2r. Then,
we may equivalently consider & as

g e Rf2mr =5* (10)

Now, the group has many representations, the most intuitive of which is a simple rotation
by an angle of & = [0, 2=} around a unit circle. In this paper, we consider two different
representations of 5*. In the first, & is an equivalence class of real numbers as in (10),
representing addition of & to the time ¢ (mod 2x). In the second, & represents an operator on a
solution x(z), translating that solution by & along its orbit; that is,

Brx(t)y=x(t+8)

Obviously, these two meanings of & are equivalent here, so there should be no confusion
in using the same symbol for both.

Thus, the solution in (9) has a symmetry (y.&) e ' x 5* that is a mixture of spatial and
temporal symmetry. Note that the group s* acts on the space of 2z-periodic solutions x(t)
and not on R™. The group of all spatial-temporal symmetries of x(t} in (9) is denoted by

ooy =18 er =5t (y.8) -x(t) = x(t), vt} {(11)

The subgroup ., can be identified with a pair of subgroups # and ¥ of I and a
homomaorphism

o : H - 5+ with kernal &. These subgroups are defined as follows:
E={yerl|yt)=x(t) vt} 12)
H={yer|vizih={xm}}

The subgroup X is the group of spatial symmetries of x(t) which fixes each point of x(t).
The subgroup H consists of those symmetries that preserve the trajectory of x(t}; that is, the
spatial part of the spatio-temporal symmetries of x(t). The group Z, ., can be written, for
some H and some ¢ : H = 5%, as

2 ={(he)) e rxst | heH} (13)
and I¥ is called a twisted isotropy subgroup of r = 5* Define
Ly = U, Fix({y)) 0 fix (K) (14)

¥

Then L is the union of proper subspaces of Fix(K). The set of points Fix(K)/L; has one or
more connected components. The necessary and sufficient conditions on the spatial-

 BAYANJ@sueduly 264 wXbiiddonhiae


mailto:BAYAN.J@su.edu.ly

2023 iy RPN ISSN:2790-0614

temporal symmetries for the existence of periodic solutions of a system of (1) are given by
the H/K Theorem.

Theorem 4.1. (H/K Theorem) [9]. Let I be a finite group acting on R". There is a
periodic solution to some I'-equivariant system of ordinary differential equations on 8™ with
spatial symmetries & and spatio-temporal symmetries & if and only if

I.H/K is cyclic.

I1.X is an isotropy subgroup.
. dim(Fix(8)) = 2. If dim(Fix(k) ) = 2, then either H =K or H = N(K).
IV.H fixes a connected component of Fix(K) /Ly.

5. EQUIVARIANT HOPF BIFURCATION

In this section we review briefly the fundamentals of symmetry breaking as described by
the Equivariant Hopf Bifurcation Theorem [2].[11]. We say that an ordinary differential
equation

L= flow,  flroue) =0 (15)
where f: R"x R —R" is smooth, undergoes a Hopf bifurcation at u = uy, in the linearized

equation of (15) (df ), ., has a conjugate pair of purely imaginary simple eigenvalues.
With additional hypotheses of non-degeneracy, this condition implies the occurrence of a
branch of periodic solutions near (x;.x,). When considering Hopf bifurcation in the presence
of symmetry, there is a condition on the action of I" on the subspace in which (df),, ., has
purely imaginary eigenvalues. One generically expects the eigenspace to have a special
form: that it is ‘I'-simple’.

First, recall that a representation of a group I" on the subspace W is called irreducible if
the only subspaces of W that are invariant under I" are W and {0}. Next, define a
representation of I on W to be absolutely irreducible if the only linear maps on W' that
commute with I" are the real multiples of the identity, i.e., {el | ¢ € R},

Definition 5.1. It is said that the vector space W is I'-simple if either:

I. W =V&V, where the representation of I' on ¥V is absolutely irreducible or

Il. I acts irreducibly but not absolutely irreducibly on W.
Therefore, a space W is I'-simple if it is either non-absolutely irreducible or isomorphic to a
direct sum of two copies of the same absolutely irreducible representation. For symmetric
systems, “I'-simple’’ is the equivariant analogue of *’simple eigenvalue’’ in a generic
system. The eigenspace corresponding to the purely imaginary eigenvalues of (df) must be
one of the two forms (1) or (I1). All the cases of equivariant Hopf bifurcation in the present
study are of the form (11).

The Equivariant Hopf Theorem addresses both spatial symmetry and time-periodic
solutions; that is, we consider spatio-temporal symmetries I x 5*as in the H/K Theorem.
Then this theorem asserts the bifurcation of branches of small amplitude periodic solutions
of the system (15) with period near 2=, whose spatio-temporal symmetries are those of
certain subgroups I = r = 5*. Note that the Hopf Theorem guarantees existence of certain
types of periodic solutions, while the #/& Theorem classifies all possible periodic solutions.

Definition 5.2. Let X be a twisted isotropy subgroup of I = 5t and suppose that
dim(Fix(K)) = 2. Then
¥ is called a € - axial isotropy subgroup.

Theorem 5.1. (Equivariant Hopf Bifurcation) [91. Let I" be a compact Lie group acting
I-simply on 7", Assume that
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l. f: R*™ x R — R™ is smooth and equivariant, f(x,u) =0 and (df)u,,, has eigenvalues
alu) Fig(u) each of multiplicity n.
. aluy)=0and glu,) = 0.
. &'(uy) = 0 — the eigenvalue crossing condition.
IV. 2 cr=5*isaC- axial isotropy subgroup.

Then there exists a unique smooth branch of small amplitude periodic solutions of system
(15) with period near 2z.emanating from Cx .z} with spatio-temporal symmetries X.

6. GLOBAL AND INTERNAL SYMMETRIES
In this section we give a formal mathematical definition of couples oscillator systems in a
finite number of rings with two different types of symmetries: global and internal
symmetries. The analysis focuses on cases where the number of rings is two and each ring
has the same number of identical oscillators.

By an oscillator we mean a system of ODEs with oscillatory solutions, defined on an
Euclidean space, for example r* with k = 2. (If k = 2, often tools such as the center manifold
theorem may be used to reduce the dimension to & = 2). We define a ring of coupled
oscillators to be a coupled oscillator system of the form

B fG)+ Dby (xx).  i= 1N (16)
with either z, or B, symmetry of &;;. It is a unidirectional ring if the oscillators are
coupled with z,- symmetry, and bidirectional if the oscillators are coupled with D -
symmetry. To generalize the form (16) for a finite number of rings of coupled oscillators,
suppose we have M rings each of which has & identical oscillators. Then the coupled
identical oscillators may be represented by a system of differential equations of the form

dx;;

P f{-rl'_i'} + E‘;:th’jq {-rl'_i"xl'q'} + E;I:Lﬂpl'j {xl'_i"-r;:l_i'} (17)

where i = 1,....M, j=1,...N, x;; is the state vector of the ¢ * oscillator ,
f: R* — R¥ represents the internal dynamics of each oscillator, h;;, : R* x % = R¥ is the
coupling function in the M rings, and g,;; : ®* x R* —&¥ is the coupling function in the v
rings. For simple notation, let (7. ) denote M rings of & identical oscillators, or equivalently
N rings each of which has identical oscillators. Such a system may be called a discrete
(. M)-torus of coupled oscillators. The state space of the entire coupled system of (v, i1-
oscillators is then
= @)% @)Y %2 RV (M times)  (18)

For the purpose of this paper we assume that the rings are unidirectionally coupled, that is,
with z,- symmetry.

The key idea we wish to explore here is the spatio-temporal symmetries of solutions of
unidirectional (v. M)-tori of coupled oscillators. Since we may have M identical rings, each

of N identical oscillators, the global symmetry group is
I'=Zy % Iy (19

The group element (g.x) e ' where g £ Z; and x £ Z,; can be written as a single element
pr € . Note that px = xp , that is, T is abelian. Now assume that the number of rings is
2 (M = 2), each of which has identical oscillators. In this case the actions of ¢ and « are
defined to be p»x;; = x; 4., and x - x;; = x;., ; where i is taken modulo 2 and ; is taken
modulo N. Then the global symmetry of the (. 2)-coupled oscillator system is
Gy = Zylp) = Z,(x) (20)
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= {11 (p. 1., 0" 1 1), (L x). (p. x), o (V11
which can be written more compactly as
Gy = tLp.p" . p" Lk pr. e VD

where the index N refers to the number of oscillators in each ring. Note that G, is an

abelian group with 2x elements.
The local internal symmetry group of the (.51 -coupled oscillators can be described in
the following way. Let 2 be a subgroup of oik). that is the k dimensional orthogonal group
O0k)={AeGLk. R | ATA=1}

For Q to be an internal symmetry group, we require first that every ¢ £ £ must satisfy the

following condition

N.

flo-xy) =0 flxg) (21)

Here f{x,-j-}defines the internal dynamics of the i;® oscillator. These internal symmetries
are symmetries of the entire (N, M)-torus of coupled oscillators provided certain properties of
the coupling functions h;, and g,; hold. We require that each & acts simultaneously on
every cell. Then it is a symmetry of the coupled oscillator system if the following conditions
are satisfied for all i..p.q

hijg (o * Xiq. 0 * %) = 0 * Byjg (X, X (22)
Gpij (0 Xpja i) = 0 Goij (Xpj, ¥y

If we define x* € X¥* and

grx" =lox;.0%5 . 0xy ), =12 ..M
and define F by writing equation (17) as
dx”
o)
then the internal symmetry condition is that F is Q-equivariant, that is
Flg-x")y=o-F(x") Yoe Lax" ek’ (23)

It follows that all (z.¥) € @ = G, are symmetries of (17). This type of combination of
internal and global (external) symmetries is known as direct product coupling [71. [g].

7.  POSSIBLE PERIODIC SOLUTIONS
This section presents a characterization of all possible periodic solutions, their twisted

isotropy subgroups and corresponding fixed-point subspaces. It is obtained by applying the
H/K Theorem to the systems defined above. The results are presented here in a series of
tables.

There are several good reasons to assume that the state space of each physical oscillator
in the system has dimension k = 2. Topologically, ¥ = 2 is the minimum dimension for a
limit cycle oscillator to exist. Under the hypotheses of the Hopf bifurcation theorem, there
exists an invariant 2-dimensional center manifold in which the bifurcating limit cycle exists.
Near the Hopf bifurcation point, generic center manifold arguments reduce the system to a
2-dimensional ODE. We can assume that this reduction has been performed for our
equations.

From (18) the state space of a (N, 2)-torus of coupled oscillators where each oscillator is
considered to be two dimensional is

X =R x (RTV
= BRIV IV
Equivalently, the state space can be considered to be a product of two N¥-dimensional

complex spaces using natural isomorphism of r*with C. Let the state space of the (. 2)-
coupled oscillator system be represented by
V=Cc¥xcV
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The natural action of the group G, on ¥V is given by

p- {{ZL-Z:- s Zyg ) (W, Wy e
i ({2 200 e ), (wp Wy s

-WN]} = {{ZN'ZL'

wy)) = (s,

.zN_L:]. {'H"N.L'Vl. e

wy ), (2., 2o, ...

ISSN:2790-0614

-WJ.r—L]}

zy)) (24)

The goal of this section is to apply the H/& Theorem for the case when ¥ = 2, so that we can

find the periodic solutions.

When N = 2, the state space of the (2.2

external symmetry group may be written as

Go = {15, 0. i Ko}
which acts on v as follows

oy {{ZL ] ':“J. ]} =
{{ZL {“'J. Wa ]} =

{{3:-31.]-{“':-“'1]}
{{Wl- wy), (zy, z::l}

J-coupled oscillator system is v = c* x c* and the

All the possible symmetrles of periodic solutions for the case of ¥ = 2, as follows from the
H/K Theorem, are listed in Table 1, where = £ 5* denotes the half-period phase shift, written
additively. The twisted isotropy subgroups with their corresponding fixed-point subspaces

and dimensions are in Table 2.

Table 1. Periodic solutions of a G.-equivariant system from the H/K Theorem.

(H.K) Type Corresponding Periodic Solution
(G,.G,) ((z(®), z(£)), (z(8), z(£)))
{G:.Z:{NL]} {{z{t] z(t)) Gt + 7). z(t + m) ]}
(G..Z,(x.)) (@), z(t + 7). @), z(t 4+ 7))
(G2 Z.(x,x.)) (G®). z(t +m)), (& + 7). 2(8))
(Z.(x,)Z,(x,)) (G, z(e), i), w(t)))
(Z,(x,).1) (Cz(8). z(t + 7)), wlE), wit + 7))
(Z.(x,). 2, (x,)) (@), wit). @), w(e)))
(Z,(x,). 1) (@) wie), ¢+ m)w(t+ 7))
(ACESEACTS)) (GE).w(t), w(®), z(£)))
(Z, 0,700, 1) {{z{t 2, Gwlt + ) z(t + rr]]}
(1,1) ((z1(t) 22 (£)), (wy (£), wa(£)))

Table 2. The twisted isotropy subgroups with their corresponding fixed-point

subspaces

and dimensions, for a G.-equivariant system.

Twisted Isotropy Fixed-Point Subspace dim Fix(E)

Subgroup X Fix(I)

G, x {1} (z2.G2)} 2

Ga (%, 52 7) {{{2-2]-{2 +JT.Z+JT]]|} 2

Ga(xym. %7) (Gz+m)Gz+m)} 2

Gy (7, o7) (G.z+m. G +n2)} 2

Zy (%) {{{z.z].(w.w]}} 4

Z(x,m) Gz+a) ww+m)} 4

Zo(2) {{{z.w].{z.w]}} 4

Z;(x.m) {{{z.w +mh iz + rr.w]}} 4

Lo (% %2) {{{z.w].{w.z]}} 4

L (%% m) Mew).w+mz+m)} 4

I {{{ZL'ZZ]'{WL'WZ:]}} 8

S ol 0L Al
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8. Gy - IRREDUCIBLE REPRESNTATIONS

The goal of this section is to discuss irreducible and absolutely irreducible actions of the
group G, on the space v = c* = c=.

According to the results in Table 2, the action of the group G, on V¥ is not irreducible.
However, it is also not absolutely irreducible because of the relation px =z in the
definition of the group G,. That is, the linear mappings £ and k commute; that is what makes
the condition of absolute irreducibility fail.

First, decompose ¥ into the following direct sum of invariant subspaces
V=D,&D. D,
where
D, ={zz...z2hzz..2) |zec}
b, ={zz..2),(—z—z...-z2) |z ec}
Dy = {((z,. 220 oo 23), Wy Wiy s e Wiy ) ) |z w; € C. Iz =0,Zw; = 0.}

It is clear that the actions of the group 6, on D, and D are both irreducible. However, the

action on Iy is not irreducible, because there are invariant subspaces such as
{{{z.wz. oWz}, (z, Wz, .w”'lz]} |z e C}
of Dy, which are neither {0} on ,. Here we let w be any ¥** complex root of unity in c: then
ltw+w +-+a =0
By the Theorem of Complete Reducibility, we can decompose the space V into a finite
number of G,-irreducible subspaces, D;. D,. ... Day. such that
V=D, @D, ®D; & ..EB Dy (25)
where D,, D, are as above and each D; .j = 3.....2N is a proper subspace of D,.
Theorem 8.1. G acts non-absolutely irreducibly on each D; .; = 1,....2N.

Proof. For each case define a linear mapping on V with matrix representation M = 6x where
0 =45 eR and
0 Iy
= W
w 0

The matrix M in this choice is not a scalar multiple of the identity but it commutes with
p and k € Gy. Therefore, Gy acts on D; .j = 3.....2N, non-absolutely irreducibly.

Thus, each subspace in the decomposition (25) is irreducible but not absolutely
irreducible, and hence is Gy-simple. This decomposition is also the isotypic decomposition
of the entire space V. because none of these subspaces is G- isomorphic to any other. It is
now possible to apply the Equivariant Hopf Bifurcation Theorem in each of the subspaces
(25) where G, acts nontrivially.

9. INVARIANTS AND EQUIVARIANTS FOR Gy x §*
Before we can apply the Equivariant Hopf Bifurcation Theorem, it is necessary to enlarge
the group G, to a group G, = 5* acting on ¥V and find its invariants and equivariants.
The group 5+*acts naturally on in the standard way as follows
8+ ((z)0 . zy) Wy zyy)) = ({emzl. ez ) (e®wy, .., E‘I.EWN}) (26)

where g € 5*and z;, w; € C . note that this is yet another representation of s+, distinct from
those in section 4. All of these representatives are, of course, isomorphic. We may work
with whichever is convenient for the purposes at hand.
Consider parametrized equivariant vector fields f where
f:VxR=V
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with ¥ as in (25), and where Gy acts irreducibly on Dy, D, .... D.,. These subspaces D; are two-
dimensional and each represents a fixed-point subspace Fix(I) for a certain C-axial subgroup
¥ and each can be identified with C. Therefore the G, = 5*-equivariance of f implies that

f i Fix(I) xR — Fix(I)

The s*-invariants and equivariants can be found in general in [11]. Here we use this
lemma, where invariants and equivariants are considered on C™ and where g € 5*acts on Chy
g-z=¢"z , but we adapt this Lemma to the spaces D; = C( that is m = 1).

Lemma 9.1. [11]. 1. A Hilbert basis for the s*-invariant function g: D; = € — R is given by
the polynomial

u =zZ
Il. Letf:C— Cbe st-equivariant, that is satisfies f(8 - z) = &' f(z) with as in (26). Then the
module of f such is generated by the two mappings
¥iz)=z and V¥(z)=iz

Note that the action of G, on Cwill depend on N and have different representations on
different D;. For example, for ¥ = 2, the action of G; on D, = Cistrivialandon D. = Cis
defined (with ¢z = —z) by

prz=z andk-z=-z2
However, on p; = {({z, —z).(z.—z)) | z e C} = Cthe action is defined by

prz=-z andk'z =z

Even so, in all the cases one has the following result.
Proposition 9.1. [11]. I. Every smooth G, = §*-invariant function g : D; = C — R has the
form, where is a smooth real-valued function of the invariant polynomial
U ===

I1.Every smooth G, = 5*-equivariant function f : D; = € — € has the form

fz) = Plulz + Qlud iz

where P and @ are smooth real-valued functions of the invariant polynomial xas in .

Now, considering parametrized families of equivariant f(z. ) , the bifurcation problem can
be written as
flz.w) =Plu.plz + Q. Wiz (27)
where the functions 7 and @ are real and depend only on u = zz and the real bifurcation
parameter u.
9.1 BRANCHING EQUATION AND STABILITY ANAYLSIS
As shown above, the nature of the action of the group G, forces the symmetric (N. 2)-tori
of identical oscillators to have 2N G,-simple subspaces D;.j = 1....2N. Therefore, we need to
analyze 2N Hopf bifurcation problems, each of the same form. It is clear that the only
difference between the problems for different D; is in the definition of £ and @;. Therefore,
all of the G, -equivariant symmetry-breaking Hopf bifurcation are defined by ODE’s of the
form.
E =P, wz +Qlu,pliz, j=1,..2N. (28)
where P and @ are as in Proposition 9.1.

An important property of (28) is that it can be decoupled into phase-amplitude equations.
Let

z=re¥
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That implies »* = u = zz. The corresponding amplitude and phase differential equations are

both real, and given respectively by
F =P (29)

@ = Q_i-{r:..u]
An equilibrium of the amplitude equation corresponds to either an equilibrium point
{(r = 0) or a periodic orbit (r = 0) in the system (28). Also, the stability of an equilibrium of
the amplitude equation in (29) is the same as the stability of the corresponding equilibrium
or periodic solutions of (28). We have the following possible solutions:
I. »=0.atrivial solution or G, -invariant equilibrium.

Il. P:(r* u) =0, giving a periodic solution of amplitude r.
In case of I, F;(»*,u} = 0 is the branching equation. Also, we need to ensure that
¢ = Q;(r*, u;) = 0, which determines the angular rotation speed. Altogether, a non-degenerate
Hopf bifurcation requires the following conditions:
B(ou;)=0. B(ou)=z0 @ifou)=o0
where u; is the bifurcation point, corresponding to the fixed-point subspace o; . The
eigenvalue *’crossing condition’* £, (0.u;) # 0 guarantees that there is a solution of the
branching equation. To see this, let the bifurcation point x;(0) = u; be given. Then if
P, (0, u,) = 0 for sufficiently small « , there exists a unique branch of solutions u = p ()
satisfying F; (w. u} = 0and « = ;) by the Implicit Function Theorem.
The two derivatives P, (0. u,) = 0and P, (0. u,) = 0 can be used to determine whether a

solution branch is subcritical or supercritical. Using Taylor’s expansion about the point
(0, u5) we obtain

Pla,p) = F(0,pg) 4+ (u — )Py (0, o) + uPy, (0, ) +
Since F;(0, ;) = 0then we have
Py (0. 40)

{'U —_ .""I I:':I = _Pj—..u I:[].IMD:]

U

If, as is usually the case, P, (0.u,) = 0 (the eigenvalues cross the imaginary axis from left to
right as u increases), then it follows that the solution branch is supercritical when
P, (0,u,) = 0 and subcritical when Fy, (0, ;) = 0.

The stability of the branch is guaranteed by the Hopf Theorem under the condition that
the trivial solution is originally stable. If x = u;the trivial solution becomes unstable and by
the “’Exchange of Stabilities” the supercritical branch will be a stable.

Next, we compute the stability of branches of solutions for each C-axial twisted isotropy
subgroup Z; using the signs of the real parts of eigenvalues of the Jacobian matrix. For each
D; = C. where j = 1,....2N, in the complex coordinates (z. z), recall that the general R-linear
mapping on € = k- has the form

w — aw 4+ fw
w — fw +aw (30)
where . g € C. A simple calculation shows that
trace = 2Re(a) and det = |al® — |8]*
Let A; and 1, =7, be the complex conjugate eigenvalues for each D;. From (30) we have
dh; (w) = a;w + ;W
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where «; =, and §; = h;z. Now
hy = P + {P_fuux}z +iQ; () + {f'?_;'u u; )z
B = (Buuz)z + (iQpus)z
Then evaluating h;; and h;. at (0, 2 } we obtain
a; =P(0,u) +iQ;lo,u)
B; =0
Therefore, for each j the complex conjugate eigenvalues of dh; are given by
trace = EPJ.-{EI..uJ.-}
det =a@ =B (0.7 - |o;(0.u/) = 0
that is, for each j the complex conjugate eigenvalues of dh; are given by
A= 2[R 0.0+ IR0 +o;0.w ] =0
It is clear that at the bifurcation point u = u,we have & = i@;(0.4;) and the trace is 0, and

hence the eigenvalues 1; and i, are a pair of purely imaginary eigenvalues. For g = u,, if
B, (0.4;) = 0then the trivial equilibrium solution branch is unstable, and it is stable if 7, < 0.

10. HOPF BIFURCATION WITH Gy = st-SYMMETRY
This section presents the equivariant Hopf bifurcations with G,, = §*-symmetry, focusing
on the case of ¥ =2 . The study presents the twisted isotropy subgroups of the group G, = 5*
, together with their fixed points subspaces, and the invariant and equivariant polynomials
for this case. The stability is investigated and non-degeneracy conditions corresponding to
each solution of the bifurcation problem are determined.

10.1 Case I: Gz-symmetry
The simplest case is equivariant Hopf bifurcation with a global G,-symmetry; that is a
(2,2)-torus of coupled oscillators. The state vector
X= {{ZL-Z:]-{WL-W:]}
represents the state variables for the entire 4-oscillator system. Under the assumption that
the oscillators are identical, with z; € C= R*and w; € C = R*, we have
XeC*xC*=R*x R*=R"
The symmetry group of this system is G, = Z. x Z,. For this case we write (g, %) as (x,.x. ),
so that
G, = {1, %, 55 5, 0 }
where
Z.(x ) =1{l.x,} Z,(x,) = {L %, }
The group G- acts on c* x c* as follows
foy * {{ZL'ZE]' {“'J.'W!]} = {{ZE'ZL]'{WE'WJ.]} (31)
Ko * {{ZL'ZE]' {“'J.'W!]} = {{WL-W:]- {ZL-Z:]}

Now consider the action of the group G; on each of the irreducible subspaces of
C* x c*defined by

D, ={ (z2.@2) |zec}
D, = {{{u.u].{—u.—u]} |u e C}
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D, = {((v. —v). v.—1)) |vecC}
D, = {{{w.—w].{—w.w]} |w e C}
It is clear that
X=D, & D, BD,BHD,

It follows that each j is G-simple. Note that each I; is two-dimensional and may support
equivariant Hopf bifurcation since it could be the eigenspace of a pair of purely imaginary
eigenvalues +iw, of a linear operator that commutes with G.. Extend the action to the group
Gy = 5t on each subspace D;, where g e 5*acts on X as in (26). The possible periodic solutions
living in these 2-dimensional subspaces are a subset of those found in section 7 using the
H/K Theorem and presented in tables 1and 2. Here, only the C-axial symmetry subgroups
and their fixed-point subspaces are listed in table 3.

Table 3. The c-axial isotropy subgroups and their corresponding fixed-point
subspaces, for G,-symmetry acting on c* x C?

Twisted Isotropy Fixed-Point Subspace Fix(Z) dim (Fix(Z))
Subgroup
Ga %y, %) {{{z.z].{z.z]}} 2
Ga(xy ey ) (2. +mz+m)} 2
Ga(xym %) (Gz+m)Gz+m)} 2
Gy (%, KoT) (zz+m.C+m2))} 2

The periodic solutions corresponding to table 3 are the following
(B, 26, @), 2(6))} < D,

(@), z(e), = + m). 2z(t + 7))} c D,

(@, 2t + ), &0, 2(t + 7))} D,

(@, z(t + ™). & + ). 2(8)))} < D,
Now we analyze the Hopf bifurcation problem for each vector field 7; where
_f'_i- : DJ-XR—-DJ-
for each of D,.D,. D;, D, with Fix(Z;) = D;. It follows from (31) that G. acts on each
D; = Cas in table 4.

Table 4. Action of G.oneach ;, j =1,..4

D, D, D; D,
Ky 'Z=Z K 'Z=Z Kyrz=z 4w K, Z=z4m
Ko'Z =2 K.'Z=Z+T K.'Z=2Z Koz =247

The invariants and equivariants for G, = 5*are as follows.

Corollary 10.1. I. Every smooth G, = §*invariant function g : ¢ — & has the form

Flu) where
u =z=

I. Every smooth 6. = §* -equivariant function has the form f: € = C
flz) = Pz + Qlwdiz

with P and @ smooth real functions as in I.
Proof. Directly from Lemma 9.1 and Proposition 9.1.

BAYAN.J@su.edu.ly 273 X dyalall O Al


mailto:BAYAN.J@su.edu.ly

2023 iy RPN ISSN:2790-0614

Therefore we need to analyze four Hopf bifurcation problems of the form
E =Pz +Qluplz, j=1..4 (32)

where P, and @; are as in Corollary 1 and each equivariant vector filed is defined on
the corresponding D; in tables 3 and 4. The problem on D, is a classical Hopf
bifurcation and the other are equivariant Hopf bifurcation problems. The only
difference between these problems is the definition of the functions 7 and @;.

10.2 G; Branching Equations and Eigenvalues

The branching equations and the signs of the corresponding eigenvalues of the
branching solutions in each G.-equivariant bifurcation problem are determined by
quantities in table 5.

Table 5. The branching equations and the signs of the eigenvalues
for G.- symmetry actingon o;.j = 1,...4

Isotropy X Fixed X Branching Equations Signs of Eigenvalues
Gol(#y.%s) D, Fi(rfu)=0 Trace = 2P, (0. u,)
det= 1A (0. u, JI* + 10, (0, p, )7
Go (k. 7o TT) D, Briu)=0 Trace = 2P, (0, u,)
det= 1P, (0, I + 1Q. (0, u,)IP
Go (%, 70, %2 ) D, B(riu)=0 Trace = 2P (0, uy)
det= 1P, (0, u I + 1Q5 0, w5 )P
Gol(#y 7T, %2 7T) o, B(rfu)=0 Trace = 2P, (0, u,)
det= 17,0, u JI* + 10,0, u )1

The following theorem classifies the non-degeneracy conditions for the stability
of each solution, j = 1....4.

Theorem 10.2.1. Assume simple eigenvalues and isolate bifurcation points ;. for
each of the isotropy subgroups in table 5. Assume also that P, (0.4;) = 0. so that the
trivial branch loses stability as  increases through «; . Then, there exists precisely

one smooth branch of small amplitude, near 2z-periodic solutions, in a
neighborhood of (0.x;). The solution branch in D;.j = 1.....4 is supercritical or
subcritical according to whether B, (0.4;) is negative or positive, respectively. At the
smallest of the bifurcation point ;. a supercritical branch is stable. Any subcritical
branch is unstable.

Proof. Follows directly from the equivariant Hopf bifurcation theorem.

11. CONCLUSIONS

In this paper we have applied the equivariant Hopf bifurcation theorem and the H/¥
Theorem to coupled systems of identical oscillators with G,-symmetry, with the symmetries
of a discrete (N.2}torus. A rich variety of spatio-temporal patterns is possible in such
systems. These patterns and their onset have been identified in this paper for ¥ = 2 using
equivariant bifurcation theory. For each solution we determine the corresponding twisted
isotropy subgroup and the fixed-point subspaces.

Many ideas for further applications and directions for further research have come to

light. This work can be extended to (v.M)-tori of coupled identical oscillators. This
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work can also be extended by assuming different coupling geometries, such as a
hexagonal lattice, or by assuming the wreath product coupling of internal symmetries
in the model.

Future work shall include cases where N =3 and ¥ =4 also using equivariant Hopf
bifurcation theory.
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