
On Oscillation of Nonlinear Differential….. 

Vol. 9(1),   June   2019 901 

 

 

Sirte University Scientific Journal(Applied Sciences)                                                                           Vol.9(1) ,June 2019 

 
On Oscillation of Nonlinear Differential Equations of 

Second Order 

 

M. J. Saad
1
, N. Kumaresan

2
 and Kuru Ratnavelu

2 

 

Email: masaa2011@yahoo.com 

 
   1Department of Mathematics, Faculty of Education, Sirte University, Sirte- Libya. 
  2

Institute of Mathematical Science, Faculty of Sciences, University Of Malaya, Kuala Lumpur-Malaysia. 
 

 

Abstract 
In this paper, we present some new sufficient conditions for the oscillation of all solutions of the second order 

non-linear ordinary differential equation of the form  
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 where q  and r are continuous functions on the interval   )(,0,, 00 trtt  is a positive function, g is 

continuously differentiable function on the real line R except possibly at 0 with 0)( xxg  and 0)(  kxg  

for all ,0x         is a continuous function on RxR with 0),(  vuu  for all 0u and ),(),( vuvu    

for any ),0(  and H  is a continuous function on  ,0t ×R with )())(())(,( tptxgtxtH  for all x 0  

and 
0tt  . The oscillatory behavior of ordinary differential equations has been extensively studied by many 

authors, see for examples [1-14] and the references therein. This research work which is obtained using Riccati 

Technique, extends and improves many of the known results of oscillation in the literatures such as our 

oscillation results extend result of Wong and Yeh[14], result of Philos[9], result of Onose[8], result of Philos and 

Purnaras[10], result of E. M. Elabbasy[3], results of Greaf, Rankin and Spikes[5], results of Grace and Lalli[4] and 

results of Moussadek Rmail[7] and some other previous results. We illustrate our oscillation results and the 

improvement over other known oscillation conditions by examples, numerically are solved in MATLAB. 
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1. Introduction 
 

In this paper, we are concerned with the problem of oscillation of second order non-linear ordinary 

differential equation of the form  
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where q  and r are continuous functions on the interval   )(,0,, 00 trtt  is a positive function, g

is continuously differentiable function on the real line R except possibly at 0 with 0)( xxg  and 

0)(  kxg  for all ,0x   is a continuous function on RxR with 0),(  vuu  for all 0u and 

),(),( vuvu    for any ),0(  and H  is a continuous function on  ,0t ×R with

)())(())(,( tptxgtxtH  for all x 0  and 0tt  . A solution )(tx  of the differential equation (E) is 

said to be oscillatory if it has arbitrary large zeros, and otherwise it is called non-oscillatory. 

Equation (E) is said to be oscillatory if all its solutions are oscillatory, and otherwise it is called 

non-oscillatory. 

Equation (E) is said to be superlinear if 
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for every all .0  

The oscillatory behavior of ordinary differential equations has been extensively studied by many 

authors, see for examples [1-14] and the references therein. 

Onose [8] studied the equation 
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then the equation (1) is oscillatory. Philos [9] and Wong and Yeh [14] considered the  equation (1) 

and gave extensions to the result of Onose [8]. Philos and Purnaras [10] have studied the equation 

(1) and supposed that the superlinear differential equation (1) is oscillatory if 
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E. M. Elabbasy [3] has studied the equation 
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and showed that the equation (2) is oscillatory if 
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2. Main Results  

 

In this section, we state and prove our main results as follow: 

Theorem 2.1 

Suppose that 

 

(1)    ,0,
1

),1(

1
0

0




C
Cu

 
(2)       ,0)( 0ttallfortq   



M. J. Saad, N. Kumaresan and Kuru Ratnavelu
 

 

Vol.9 (1), 109-122,June 2019 991 

 

 

 and there exists continuously differentiable function     ,0,: 0t  such that 
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Then, every solution of superlinear equation (E) is oscillatory. 

Proof: Without loss of generality, we may assume that there exists a solution x(t) of equation (E) 

such that   .0,0)( 0  tTsomeforTontx
 
Define 
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From condition (1), for ,Tt  we have 
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We multiply the last inequality by )(t and integrate form T to t, we have 
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From inequality (2-2), we have 
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Now, we consider three cases for )(tx
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We divide the last inequality )()( trt and integrate from T1 to t, we obtain
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Since the equation (E) is superlinear, we get 
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This contradicts condition (6). 
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which contradicts the fact that )(tx
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Multiplying the equation (E) by )(t and from the condition (1), for 3Tt   we have 
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Dividing the last inequality by )()( trt  and integrate from T3 to t we obtain 
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which is a contradiction to the fact that 0)( tx for .Tt  Hence the proof is completed. 
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Consider the following differential equation 

.0,
1)(

)(

)()(2

)(1
)(

4

11

4

28

35

3





























t
tx

tx

ttxtx

tx

t
ttx  

 Here ,1)( ttr  ,1)( 3ttq  ,)( 7xxg   445 2),( vuuvu  and  

.00)(0
1)(

)(

))((

))(,(
4

4




 tandxallfortp
tx

tx

txg

txtH
 Taking 04)( t such that 



M. J. Saad, N. Kumaresan and Kuru Ratnavelu
 

 

Vol.9 (1), 109-122,June 2019 991 

 

 

  ,
2

)()()()1(
2

0

0

0

0




t

C
dsspsqCs

t

  

  ,0
2

)(4

)()(
)()()(inflim)(inflim)2(

2

0

2

0

00



































 



 t

C
ds

sk

srs
spsqCsdss

t

t
t

t

t
t 




 

  .
)(4

)()(
)()(

)()(

1
lim)(

)()(

1
lim)3(

2

0

00









 

 






duds

uk

uru
upuqC

srs
dudsu

srs
s

t

t
t

s

t

t
t 




 

All conditions of theorem 2.1 are satisfied and hence every solution of the given equation is 

oscillatory. To ensure that our result in theorem 2.1 is true we also find the numerical solutions of 

the given differential equation in example2.1using the Runge Kutta method of fourth order. We 

have 
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with initial conditions 1)1(,1)1( 


xx on the chosen interval  100,1  and finding values of the 

functions r, q and f where we consider )()(),( xltfxtH  at t=1, n=500 and h=0.198 

Table 1: Numerical solution of ODE1 
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Figure1: Solution curve of ODE 1 

 

        As we see in Figure 1, all solutions of the given differential equation in Example 2.1 are 

oscillatory.  

 

 

Remark 2.1:Theorem 2.1extends result of Wong and Yeh [14], result of Philos [9], result of 
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Lalli [4] and theorem 2 of Moussadek Rmail [7]. 
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Proof: Without loss of generality, we may assume that there exists a solution x(t) of equation (E) 
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 














)(

)(
2

)(

2

2

2

)()(,
)(

)()(,0

)(

tx

Tx
Tx

TxtxIf
ug

du

TxtxIf

ug

du
 

Thus, it follows that 

 
)()(

)(

)(
)()( 2 tqtrAds

sxg

sx
sqsr

t

T





 where 

)(

)(

2

2
)(

inf

tx

Tx
ug

du
A  

Thus the inequality (2-3) becomes 
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Integrate the last inequality from T to t, we have 
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Since )(tr is positive and non-increasing for ,Tt  the equation (E) is superlinear and by Bonnet’s 

theorem, there exists  Ttt ,
 
such that 

   
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)()(
3

)(
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TrA
ug
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Trds

sxg

sxsr tx
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t
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 




, where 
 

)(

)(

3 inf
tx

Tx
ug

du
A



 

Thus, for ,Tt  we have 
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t

T

s
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




 

Dividing the last inequality by t and taking the limit superior on both sides, we obtain 

,
)(

suplim)1(suplim)()()(
1

suplim 3
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   t

TrA

t

T
AdsduupsqsrA

t t

t

T
t

s

T
t

 

tas , which contradicts to the condition (9). Hence the proof is completed. 

Example2.2: Consider the following differential equation  

.0,
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Here, We have 
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All conditions of theorem 2.2 are satisfied and hence every solution of the given equation is 

oscillatory. The numerical solutions of the given equation using the Runge Kutta method of fourth 

order (RK4) is as follows: 

 

 We have 



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with initial conditions 1)1(,1)1( 


xx  on the chosen interval  100,1 and finding values of the 

functions  r, q and f where we consider )()())(,( xltftxtH  att=1, n=500 and h=0.198. 

 

Table 2: Numerical solution of ODE2 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

K tk x(tk) 

1 

2 

3 

. 

. 

9 

10 

11 

. 

. 

22 

23 

24 

. 

. 

34 

35 

36 

1 

1.98 

1.396 

. 

. 

2.584 

2.782 

2.98 

. 

. 

5.158 

5.356 

5.554 

. 

. 

7.534 

7.732 

7.93 

1 

1.1587 

1.1841 

. 

. 

-0.046 

-0.2729 

-0.4996 

. 

. 

0.2073 

0.4336 

0.6593 

. 

. 

-0.139 

-0.3651 

-0.5908 



On Oscillation of Nonlinear Differential….. 

Vol. 9(1),   June   2019 919 

 

 

 

 

Figure2: Solution curve of ODE 2 

 

 

    As we see in Figure 2, all solutions of the given differential equation in Example 2.2 are 

oscillatory.  

Remark2.2: If ,0))(,()())(),(())()()),((()(,1)()( 


txtHiiiandtxtxtxtrtxgiitri then 

theorem2.2 extends results of Bihari [1], Kartsatos[6]. In addition to (i) and (iii), if (ii) is 

))(())()()),((( txgtxtrtxg 


 then theorem2.2 extends results of E. M. Elabbasy [3]. All results of 

Bihari [1], Kartsatos [6] and E. M. Elabbasy [3] can’t be applied to the given equation in 

example2.2.  
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