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Abstract

It is know that many problems in physics, in the study of chemically reacting systems, in celestial mechanics
and in other fields of science can be modelled by second order nonlinear differential equations. Therefore, the
asymptotic and oscillatory properties of solutions of such equations have been investigated by many authors. In
this paper our aim is to present some new sufficient conditions for the oscillation of all solutions of the

nonlinear differential equations of the form

(r®w (x®)X())" + g, (t, x(t)) =0 &)

Our new results extend and improve a number of existing oscillation criteria. Further, Our main results are

illustrated with examples.
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1. Introduction

The study of the oscillation of second — order nonlinear ordinary differential equations with
alternating coefficients is of special interest because many physical system are modelled by
second — order nonlinear ordinary differential equations, for example, the so — called Emden -
Fowler equation arises in the study of gas dynamics and fluid mechanics. This equation appears

also in the study of relativistic mechanics and in the study of certain chemical reactions.
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The problem of determining oscillation criteria for second — order nonlinear differential equations
has received a great deal of attention in the twenty years after the publication of the classic paper
by Atkinson [1].
Many authors use some different techniques in studying the oscillatory behaviour of the second
order differential equations, especially, what so — called averaging techniques that dates back to
works of Wintner [15] and its generalization by Hartman [8].
Investigation of the differential equation (1) in this paper is motivated by the paper [3], where
some of the conditions required in the theorems contain the unknown solution . It seems that any
verification of such conditions is questionable and may be impossible. The purpose of the paper is
to remove the above mentioned conditions that depend on solution and improve some results
presented in [3] in this way. The relevance of theorems in the text is illustrated by included
examples. In the last time increases the number of papers which involve oscillatory criteria based
on the idea of using of the parameter functions H(t,s) (see e.g. [9-11] ). These results have great
theoretical value but they are less effective in applications. On the other hand, the results which
contain the requirements only on the functions occurring in differential equation are usually better
applicable. The paper contains only results of the latter kind.

In this paper we shall study the oscillatory behaviour of the solution of the differential

equation of the form

(r@w (x@)X®))" +9, ¢, x(t) =0 1)

Where r is a positive continuous function on the interval [t,,),t, >0, y is a positive
continuous function on the real line R and g, is a continuous function on RxR , with

9. (t, x(V)
g(x(1)

on the real line R except possible at 0 with xg(x)>0, g’'(xX)>1>0 for all x=0 andqisa

>q(t), for all x =0 and t e[t,,o), where g is continuously differentiable function

continuous functions on the interval [t,,«),t, >0 .

Throughout this paper we restrict our attention only to the solution of the differential

equation (1) which exists on some interval [t,,»),t, >0 may depend on a particular solution.
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In the present section we shall state and prove some sufficient oscillation criteria of the
solutions of the equation (1).

2. Main Results:

Theorem 2.1: Suppose that

O;: L2I1>O, for all xeR,
w(X)
R |
0,: !m R(t)_k , €[0,0), where R(t)= I— for t>t, .

Furthermore, let for some integer n>3

t

j R(t) — R(s)]""q(s)ds = o,

’[

O,: lim sup

t—o0

Then equation (1) is oscillatory.

Proof. Let x(t) be a non-oscillatory solution of the differential equation (1) and that

X(t)=0, fort >T, > t,,

Define ot) = FOPXOXO s o 2
g(x(t))

Thus by (2) it follows that

a)(t) - gl(tl X(t)) _ a)2 (t)g’(x(t)) (3)
g(x(t))  r®w ()

From the condition (O,), for all t>T,,we obtain
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2
— w(t(;) , t>T,, where k=Il is a positive constant.
r

Hence, for every t>T,, we have

[R(t) - R(s)]" " q(s)ds < jR(t) R(s)]"™ e(s)ds — kj R(t)— R(s)]™ ai(S) ds

o —

<[R@) - RT,)]" " o(T,) - j.k[R(t) “RE)™ wds

r(s)
_ j (n-D[R(t) - R(s)]““’((:)) ds (4)
IS (n-0° t[RO-RE)]"
<RO-RM) o)+ j R
O Jk[R(t)—R(s)]“ o)+ (17D J[R(t) RO | 46
! r(s) 2k r(s) ’
Then, for t>T,, we have
[[RO-RE] ™ aE)ds < [RO) - RT)o(T,) +%[R(t) SR 5)
Then we have
- tR(t) R(s)]""q(s)ds = = R(t) R(s)]""a(s)ds
R™(t) R
Rnl(t j R(®—R(s)]" a(s)ds
1 o R(T,) (n-1° (; R@)\"
<Rn1(t)IR (t)Q(S)dS{l— ()] (I-Z)+4k(n—2)R(t)[1 R(t)j : (6)
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It is clear that for t €[t,,T,] it holds

1 " ) 1 T . _Tz
= ! [RO-REI a(s)ds <75 tj R™(t)q(s)ds = ! a(s)ds -

Combining (6) and (7) it follows that

1 - RT,) ™ (n-1)° RT)T T
Rnl(t)tj;[R(t)_R(S)] Q(S)dSS{l—W} wq2)+4k(n—2)R(t){l_ R(t)} +tJ;q(s)ds,

Itis clear that lim % =k, €[0,), thus

t—)ooRt

t

IlmSUp IR(t) R(s)[ ™ a(s)ds <[1-k,R(T,)]" oo(T,)
k,(n—1)2 .
oy b BRI fao <

to

This contradicts to the condition (O,); hence, the proof is completed.

Example 2.1: Consider the equation

H%}[? Xi(t) JX(t)} FxM)L+x2(t)=0, t>0 ®)

+ X" (1)

Notice that

1+x* 1 2+x*
>0 and ——= 7
2+ X w(x) 1+Xx

r(t):%>0 vixt, >0; w(x)= >1 VxeR,

0,6 x() _ x*®+x*(0))
9(x(1) X (1)

=1+ x%(t)>1=q(t) for all x=0 and telt,,o)
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2 2 2
R(t) = I _jsds— :t——t—o , for t>0 and Iimi:O , t €[0, ),
r(s) § 2 2 = R(t)
Let n=3, then
‘ ] 4 F t2 52
lim sup R(t) - R(s)]""q(s)ds = I|m sup———— { ——} ds = oo,
t>o0 {[ (t* —t2)? ! 2

By theorem 2.1, every solution of equation (8) oscillates.

Remark 2.1: Theorem 2.1 extends the results of E. M.Elabbasy and Sh. R. Elzeiny [2] and
Ohriska and A.Zulova [12].

Theorem 2.2: Suppose that (O,) holds. And furthermore let for some integer n>2
1 n’
0,: limsup— || (t—3)"q(s) ———(t—s)"?r(s) |ds = oo,
o lim ptnﬂ( )49 =5~ (t=9) ()} o0

Then equation (1) is oscillatory .

Proof. Let X(t) be a non-oscillatory solution of equation (1) and that x(t) =0 for t>T, >t,.

rOyxex® o1

Define w(t) = , =215,
g(x(t)) ’
Then, for every t>T,, we obtain
2(t)
o) <-q(t) -k @ t>T,

Hence, for every t>T,, we get
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j(t-s) q(s)ds < (t—T,)" a)(T3)+ j(t $)"2r(s)ds
ol k(t-s)" n [r(s)t-s)"? 2
_T{ {\/ o “OT & } ds

<(t-T,)" a)(l'3)+ j(t—s)“r(s)ds (9)

Then, for all t>T,, we have

t _ n _m _ n-2 _ n
j[(t 9)"a(s) - =, (=) }dssa To)" o(T5) (10)

Ts

<(t-t,)"o(T,), t>T,.

Using the inequality (10) we get for t >t,

Ts

j[(t—s) q(s)——(t—s)” Zr(s)}ds—j{(t—s)”q(s)—Z—;(t—s)"‘zr(s)}ds

to to

sf(t—s)"q(s)d5+(t—to)”w(rs)

By the Bonnet theorem for a fixed c, elt,,T,| such that
T3 Cs
[t=s)"a(s)ds = (t—t,)" [ a(s)ds.
to f

Then, for t>T,, we get
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]{(t—s)"q(s)—

to

n:rk(s) (t—s)n_z}dSS(t—to)nTQ(S)dSJr(t—to)nw(Ts) - (1)

Now if we divide (11) by t" take the upper limit as t—>o, we get

t—owo

lim suptinj‘{(t —-9)"q(s) —Z—Z(t —s)"? r(s)}ds <0

This contradicts to the condition (O, ); hence, the proof is completed.

Example 2.2: Consider the equation

2 L]
X O+2 )0 | +xO@+x®)=0, t>0 (12)
X“(t)+4
Observe that
2 2
rit)=1>0, t>t,>0, y/(x)=X2+2>O , and L=X2+421 , VxeR,
X +4 w(x) x°+2

g, (t, x(t)) _ X(t)(1+ x* (t)) ~ , )
) xmrx9=l=al

, for x=0 and telt,,«),

And for any integer n>2, we have

1§ n2 1| n?
limsup— || (t=5)" ——— (t —s)"?r(s) |ds =limsup— || (t —s)" —— (t —s)"? |ds = 0.
lim ptntji( )~ ) ()} lim pt“![( ) = (t=9) } o

It follows from theorem 2.2 that given every solution of equation (12) is oscillates.
Remark 2.2: Theorem 2.2 extends the results of Ohriska and A.Zulova [12].
Theorem 2.3 : Suppose that

O,: O<l, <w(x@t)<l, , for all xeR,

And moreover, assume that there exists a differentiable function
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p:[ty,0) > (0,0), and the continuous functions  h, H:Ds{(t,s):tZSZto}—>R,

Where H has a continuous and non-positive partial derivative on D with respect to the

second variable such that H(t,t)=0, for t>t, , H(t,s)>0 , for t>s>t,, and

_aHT(t’S):h(t,s),/H(t,s), for all (t,s) €D,

06:!imsup{X(t,to)—%Y(t,to)}:oo, Where  X(t,t,) =

1

- ( 0l M 9p(9a(s)ds

And Y(tt,)= r(s)p(s)[y(s),/H(t 5) +1sh(t,s)[ ds |

1
H(tt o)
Then equation (1) is oscillatory.

Proof. Let x(t) be a non-oscillatory solution of equation (1) and assume that x(t)>0

forall t=T, >t, .

Define ot) = p(t) YOO s o (13)
g(x())

Then , for every t>T,, we obtain

PO EXD) , AOFOY (XXM pOr Oy (X)X O (1)
g(x(t)) g(x(t)) 9° (x(¥)

ot) = —

Therefore, for all t>T,, we have

LA()
p(t)

2(t)+7(t)w(t)}, t>T, ,  where y(t)=-

() <—p(B)q(t )——{ (t)' o

Then, for all t>T, >t,, we obtain
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j Hi(t, s)p(s)q(s)ds<—j H (t, s)@(s)ds — j {'(H)(t (S)) (s)+y(s)H(t,s)a)(s)}ds

jH(t,s)p(s)q(s)ds S{H(t,s)a)(s)ﬂ IéH (; ,S) (s)ds]

T

{ IH (t, )

AT (5)+7(5)H(t15)w(5)}ds

Then, for t>T,, we have

j H(t,s)p(s)q(s)ds<H(t,T,)o(T,) - JE h(t, s)\/H (t, s)w(s)ds

15 IH(,s)
T Tj L(S) () (s)+y(s)H(t,s)a)(S)}ds

<H(,T )w(fl)——j{ ”:)(t (S)) (S)+[I3h(t,s)\/H(t,s) +y(S)H(t,s)]a>(s)}ds

<H(LT)o(T,) + j r(z)l'l"(s) [/ (s)yA @ s) + L,h(t,5)] ds

T

1 t IH (t, S) r(S),O(S) 2
_Eﬂ m“"s)+§<'sh<ts>+ﬂs)m>} ds

<HETw(M) - IGT)]+ | r(s)p(s) [y(s),/H(t $) +Lh(t,s)f ds, (14)

T

1 YRGS r(5)p(s) ’
Where J(t,Tl)—IsH(t’Tl)ﬂ/r(s)p(s)a)(s)Jr /—4I <|3h(t,s)+y(s),/H(t,s)>} ds

And c, =Il; is a positive constant,

Moreover (14) implies that for t>T,, we have
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[HES)POAS— - [rOpOFEVHES +Lhes)] ds<HETom),

1T
Then, for t >T,, we get
<H (t.t)|e(T,)), for T, >t, . (15)

In view of (14) and (15) we can easily obtain that

Ty

H(t,to){X(t,to) —%Y(t,to)}=J{H(t,s)p(s)q(s) —%[ﬂsym ts) + I3h(t,s)]2}ds

to

+ {H(t,s)p(s)q(s) —%[y(s),ma,s) " I3h(t,s)]2}ds

<H (t,to)f|p(s)q(s)|ds +H(t,ty)|o(T,)|,

to

For t >T,,and so we have
1 b
lim sup{x (t.t) —Ev(t,t())} [lp(®)a(s)ds +|o(T,)].
1 to

Since this last inequality contradicts the condition (O ), the proof is completed.

Example 2.3: Consider the equation

X Vo | s i)
[t(6+1+xz(t)Jx(t)} ()t +x*(1))=0, t>0 (16)

We note that
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<7 , for all xeR,

rt)=t>0, t>t,>0, 0<B6<y(x(t)=6+— .
1+x

g;((t;?t()t)»:x(t)(tig)xzt(t)):tz+X4(t)2t2:q(t) for x£0 and te[t, )

If we take p(t):} and H(t,s) = (t—s)*, Then H(s) =-2(t-s), h(t,s)=2, t>0,
1 ) 1 [ttt 2t ot
X(tt,) = H(’O)J'H(t ,5)p(s)a(s)ds = — 2j(t—s) sds:(t_to)z {—— , +T_Z}’
Yt =t [ OVAE +Lhtofds ; p=-L8 -7 DT
H(’o) o(s) s s

t 49 It T
Y(t,t,) (t t) ﬂ (t—s)+14} ds_(t_ e J'{_+1} ds

2
-8 {2t|nt+t——2tlnt0 —to},

(t—t,)° t,

] 1
!msup{x (t,t,) —EY(t,to)}

1

4 242 2 3 4 7
=limsup L . vt + tto—t——ztl t—l+7tlnt b =,
o | (t-t,) 2 3 4 2 4, 2 4

It follows from theorem 2.3 that the given equation (16) is oscillatory.

Remark 2.3: Theorem 2.3 extends the results of A.Tiryaki and A.Zafar [14], S. R. Grace [5]
and CH. G. Philos [15].

Theorem 2.4 : Suppose that (O,) holds. And moreover, p, h and H be as in theorem 2.3

and

0,: limsup jr(s)p(s){h(t,s) p(),/H(ts}ds<oo

t—o0 H (t’tO 5
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Og: !ijposup (’O)IH(t ,$)po(s)q(s)ds = o,

Then equation (1) is oscillatory.
Proof. Let x(t) be a non oscillatory solution of equation (1) and assume that x(t) >0

forall t>T, >t,.

o(t) = PO O (x®)*®) t>T,, (17)
g(x(1)

Define

Differentiating (17) and using (1), (O,) , we see that

()< p(t)q(t)+”” ot) I, 0 (1), t=T,.

p(t) PO ()

Then, for all t>T,, we obtain

j H (t, 5) p(s)q(s)ds < — j Ht, s)a;(s)o|s+jH(t S();’(S) (s)ds jH(t’S) 0 (s)ds,

P(S)r(s)
Where k =1I, is a positive constant.

Then, for all t>T,, we have

j H(t,s)p(5)q(s)ds < —{H t.s)a(s). - j aHa(;’ s)a)(s)ds} | AICDLO B

T T T, ( )
[ HES) g
7. P()r(s)
N H (t,5)5(s) P HEGS)
<H(@,T,)o(T,) %[{h(t,s)\/H(t,s +—p(S) }a)(s)ds k;[—p(s)r(s)w (s)ds
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<H®T,))o(T,) - J'{k (H)(t(s)) ®*(s) +/H(t,s) [h(t S) — p(s ),/H(t S) }o(s)}

<H(,T,)o(T,) Ip(s)r(s){h(t 5) — /’ZESH ds

—I{/kZﬁg o) + 1/p@w@ {(tﬁ P@)Jﬁﬁgﬂ}

Then, for all T,>t,, we have

sH(t,Tz)a)(I'z)+ij.p(s)r(s){h(t,s)—&,/H(t,s)} ds , forall T,>t,, (18)
4] p(s)

Now if we divide (18) by H(t,t,), take the upper limit as t—oo0,and apply (O,), we

obtain

lim sup—

o (’ 0)

j H (t,s)p(s)q(s)ds < .

This contradicts to the condition (O, ); hence, the proof is completed.

Example 2.4: Consider the equation

t?+2 ) x*(t)+1),
Kt2+3][x4(t)+5]x(t)} + X (t)[ +2sint+x* (t)} t>0. (19)

We note that

4
>0 and :X4+521, VxeR,
w(x) x"+1

t2+2 x* +1
r(t)= >0, Vi>t, >0, X) =
® t?+3 0 V() x*+5

-

0, x(0) 5(t){ +2sint + x* (t)}

g(x(®) X°(t)

:?+25int+x4(t)
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2%+25int=q(t),for all x=0 and telt,, o),

Let H(t,s)=(t-s)*>0, Vt>s>t, >0,

Then w:_z(t_s) and then h(t,s)=2
S
and taking p(t)=3>0 fort>0, then p(t)=0
. 1 5(9) o 12 5242
limsu s)r(s)| h(t,s)———=4/H(t,s) | ds=Ilimsu
lim pH(t,to);[p()(){( )= gV HEs) | ds=lim p(t_to)zisz+3

t
=limsup 12 2[{1— 21 :lds<oo,
e (t=1)" 1 $°+3

j‘(t—s)2E+ 2sin S}dS:oo.

to

limsup

e H(t,t,) {[ H (t,s)p(s)q(s)ds =lim sup

(t_to)2

It follows from Theorem 2.4 that the given equation (19) is oscillatory.

Remark 2.4 Theorem 2.4 extends the results of Grace [6] , [7], Ohriska and A.Zulova [12] and
A.Tiryaki and A.Zafar [14].
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