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Abstract
In 1985 Arhangl’ Skii introduced different types of cleavability as following :

A topological space X is said to be cleavable over a class of spaces F if for 4 =X there exists a
continuous mapping f: X — ¥ £ P such that f1f {A) = A4, f(X)=}.

We study the case :

If F isa class of topological spaces with certain properties and if X is cleavable over F then X £ F
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1. Preliminaries:

Definition(1) [1]A topological spaceys said to be pointwise cleavable over a class of

spaces p if for any e x there exists a continuous mapping £:x — v such that f “'f
()={x}-

Definition(2) [1] A topological space i35 said to be absolutely cleavable over a class of
spaces P if A = X and there exists an injective continuous mapping f: X — ¥ € P, such

that f1f (4= 4.
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Definition(3) [2] A topological space X is said to be double cleavable over a class of
spaces P if forany A = X and B = X there exists a continuous mapping f: X — ¥ &F,

such that fif (4)=4 and ff (B)=5.

Definition(4) [3] A topological space X is said to be completely Hausdorff space if for
every two distinct points x and y there are two disjoint open sets I/ and V" such that

x €U,y €EVand o (U)nel(V)= 0,

Definition(5) [3] A topological space X is said to be perfectly normal if and only if it is

normal and each closed set in it is &z — set,

Remark (1) By an open [closed , perfect ,,....] point wise cleavable we mean that the

continuous function f:X — ¥ is an injective open [closed perfect , ....] respectively .

Proposition (1) Let X be a pointwise cleavable space over a class of

(To,T1,T2-spaces) F.then X is (To,T1, E-spaces) respectively.

We consider only the case of To-space , if X is a point wise cleavable space over a class
of To-spaces ,then X € P,

Proof: Let x € X, then there exist a To-space Y € 7, and a continuous mapping

f:X—Y € Psuchthat f1f(x) ={x}. .This implies that for every y €Y with x = v ,we
have f(x) # f(¥), since ¥ is To-space, so there exists an open set G in Y contains one of
the two points but not the other, let f (x1) € G, f(y) € G ,then f1f (x) £ f(G) , ff(y) &f"

1(G), since f is continuous ,then f1(G) is an open set in X . Hence X is To-space

Proposition (2) Let X be a closed pointwise cleavable space over a class of completely

Hausdorff spaces P , then X € P .

Proof: Let x € X | then there exist a completely Hausdorff space ¥ € 7 and a closed
continuous mapping f:X¥—¥ € P, such that f1f(x) ={x}. This implies that for every

y € X with x # v ,we have f(x) # f(v). Since ¥ is completely Hausdorff , so there exist
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opensets G , H suchthat f(x) €6 ,f(v)EHand ¢l (G) Nel (H)=@ ,then

FY () € FYG) and f1f(v) € FYH), this implies that x £ F1(G),y € F1(5,

since f is continuous , then £X(G) , () are open sets of X and

cl(FH(G)) N el(FHH)) € FHU(G)) N FHIH)) = £ (cI(6) N cl(H)=fY(D)=2.
Hence X is completely Hausdorff .

Proposition (3) Let X be a closed absolutely cleavable space over a class of regular
spaces F,then X € P.

Proof: Let x be any point in X , and a closed subset F of X \with x & F since X is
absolutely cleavable , there exists an injective continuous mapping f:X — ¥ € 7, such
that f1f(F)=F, and for every y € ¥ there exists x € X such that y¥ (X}= A(y)= =,
then f(F) is closed subset of ¥ and f(x) € f(F) ,since Y is regular, so there exist two
opensets G and Hof ¥ with f(x) 6, f(F)cH,6NH =@ ,thenx € fFYG), F
YE(F) © FY(H) this implies that x € f4(G), F = f1(H) since f is continuous , then -
YG), fY(H)areopensetsof X, and fX6) N FYH)=FLYE NH)=f1 (D) =0

.Hence Xis regular.

Proposition(4) Let X be a closed absolutely double cleavable space over a class of normal

spaces P ,then X € P,

Proof: Suppose F1, F, are two disjoint closed sets of X ,then there exists an injective

closed continuous mapping f:X — ¥ € P, such that f1f(F1)=F1, f1f(F2)=F2, since f is

closed then f(F,), f(F2) are two disjoint closed sets of ¥,since ¥ is normal space ,s0

there exist two open sets U ¥ such that f(F1) S U, f(F)c Vand U NV =@,

FYf(F1)  FYU), FYf (F2) < £1(V),this implies that F1= f1(U), F, © f1(V), since f is
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continuous ,then F(U), (V) are open sets of X and

FHU) N FY) = £1 (WU NV)= £1 (D )=@. Hence X is normal space.

Proposition (5) Let X be a closed absolutely cleavable space over a class of perfectly
normal spaces P ,then X € P

Proof: ~ Suppose F be a closed subset of X , then there exists an injective closed

continuous mapping f:X — ¥ £ P such that f1f(F) = F then f(F) is closed and it is

o0

Gr-set in ¥, it means that f{ H= N G; ,where G;j is open in ¥ , foreach i |, so
i=1
F=FLp=fY ﬂ Gi)=p F(Gi) . This implies that F:h FUG) , where FYG)is
i=1 i=1 i=1

open foreachi 1 ,i-e Fis a &, -setinX .Therefore X is perfectly normal space.

Proposition (6) Let X be an open absolutely double cleavable space over a class of
connected spaces P, then X € P,

Proof: Let X be not connected ,then X=u; 1) u, where u; and u; are disjoint non empty
open sets in X, and there exists an injective open continuous mapping f: X —Y¥ £ P,
such that f1f(u1)= w1, f1f(w2)= uz then f(X) =F(w1U wp) =f (1) U f(z) . This
implies that ¥=f (u1) U f(u) ,then f(u1) and f () are disjoint non empty open sets of ¥

, but ¥ is connected space which contradicts that ¥ is connected . Therefore X must be
connected.
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Proposition (7) Let X be an open cleavable space over a class of locally connected
spaces P, then X £ P.

Proof: For x £ X, let U be a neighborhood of x ,since X is open cleavable, so there
exists an open continuous mapping f: X — ¥ € P  such that f1f(U)=U, f(x)e ¥
with f(x) = y ,since ¥ is Locally connected ,so there exists a connected neighborhood
V of ¥ in ¥, since f is continuous , so £ (¥) is a connected neighborhood of x in X

,such that x € f1(V) = U .Hence X is locally connected.

Proposition (8) Let X be an open absolutely cleavable space over a class of compact

spaces P, then X £ P.

Proof : Suppose {U i}- . be an open cover of X ,since X is an open cleavable space ,so

there exists an injective open mapping , f: X — ¥ £ P such that f* f

{U i}ie. ={U i}iel ,then { f (U |)} is an open cover of Y ,since Y is compact so

iel

there exists lo _I such that {f (U |)} is a finite sub cover of Y, then {f'lf(U )}

iclo

is open foreachi € lo, i.e. {f}( f (U i)}iE|o is a finite sub cover of X , but ff

U i):U i foreach i1 | so {U i}ielo is a finite sub cover of X .Hence X is compact.
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Proposition (9) Let X be a perfect cleavable space over a class of locally compact
spaces P, then X £ P.

Proof: Let U be a closed neighborhood of x £ X ,since X is a perfect cleavable space
,50 there exists a closed continuous mapping f : X — ¥ £ % | such that f1f(U)=U ,for
any pointyin ¥, f(xX)=y < x=f"(¥), since f is continuous and closed so f (¥ is a
closed neighborhood of ¥ in ¥, but ¥ is locally compact, so £ Jis compact
neighborhood of ¥, since f is perfect, so f1f(U) = U is compact closed neighborhood

of xin X . Hence X is locally compact.
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