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Abstract

In this paper, we are concerned with the oscillation of a class of second- order non-linear difference equations.
By using the Riccati technique some new oscillation criteria are established, therefore, we generalize and

extend a number of existing oscillation criteria. An example is also given to illustrate our results.
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1. Introduction

This paper is concerned with the oscillation of the solutions of the second-order non-linear
difference equation

A (k(n, Xn, Axn)) + Qn¢(g (xn+1)f k(?’l + 1' Xn+1 A'X1’l+1)) = 0' n= 0'1' (E)

Where A denotes the forward difference operator Ax,, = x,,,; — x,for any sequence {x,} of real

numbers, ¢@eC(R%R) with u@(u,v)>0vVu # O,% <O0vu=#0 and veR and

@o(Au, Av) = Ap(u,v) where 1 > 0,9 € C(R,R) with xg (x) >0Vx #0, and g(u) —g(v) =
g1(w, v)(u —v)® for u,v # 0,6 >0 is the ratio of odd positive integers, g,(u,v) =0 and
g W) = gW)iffu =v, ke CY(Nx R%4R) with wk(u,v,w) > 0Vw # 0,and{q,}5, is a
sequence of real values.
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A solution of (E) is a nontrivial real a sequence {x,} satisfying Equation (E) for n > 0. A solution
{x,} of (E) is said to be oscillatory if is neither eventually positive nor eventually negative,
otherwise it is nonoscillatory Equation (E)issaid to be oscillatory if all its solutions are oscillatory.

There are a great number of papers devoted to particular cases of equation (E) such as
A(r,(Axy)") + qnxpp1 =0,n=0,1, ...,
A(r,Axy) + g (Xp41) = 0,n =01, ...,
and
AGh (x)D%y) + Gug (i) = 0,m = 0,1, ..,
See for example ([1-4, 6, 7,9-26]) and references cited therein.
For the oscillation of
Al (e f (Axp)) + Gn (9 (Xns1), T + 1 (Xp41) f(BXp41)) = 0,n = 0,1, ..,
(Ev)

Where 3y and f are containuous functions on Rwith ¥ (x) > 0and xf (x) > 0 forall x #
0, and {n, };—, is sequence of positive real numbers.

For the equation (E1), E. M. Elabbasy and Sh. R. Elzeiny [5: Theorem 2.1], proved that, if there
exist a constant c; € R, such that

d
d(m) = fom (p(l';) > —c, foreverymeR, (1.1)

and
n—-1

tlimsup q; = oo. (1.2)

i=n0
Then every solution of equation (E) oscillates.

Also ,they [5: Lemma 2.2], proved that, if f(y) =y”, where # is the ratio of odd positive
integers, and there exist positive integers N, and N;, N; = N, such that

o)

z q; = 0 and Z qi > 0V N; = N,, (1.3)

i=N0 i=N1
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1

) -

n=0

The function (%) IS nonincreasing for all x # 0, (1.5)

F(u)—F() =Fwv)(u—v),foruv+0,Fuv)<0 and
F(u) = F(v)iffu < v,where F(w) = ¢(1, w), (1.6)

And {x,} is a non-oscillatory solution of equation (E;) such that x,, > 0 for all n > N, then there
exists an integer N > N, such that Ax,, > 0 forall n > N.

Our objective here is to proceed further in this direction to obtain some new sufficient conditions
for oscillation of solutions of equation(E) and some of our results obtained by implying and
extending those in ([1-7, 9-26)].

2. Main Results

For strain hardening material, the yield surface must change in some way so that an increase in
Theorem 2.1. Assume that (1.1) and (1.2) hold. Then every solution of equation (E)oscillates.

Proof: suppose to the contrary that {x,,} is a nonoscillatory solution of (E).

Without loss of generality, we may assume that {x,,} is an eventually positive solution of (E) such
that x,, > 0,n = n,.Define the sequence {w,} by

k(n, xp Axpy

W, = n=n
" g(xn) o

Then , for all n > n,, we have

_ ACk(, X, Axy)) A(g(xn))
T R e rTe v )
This and (E) imply
_ _ gl(xn+1,xn)(Axn)6
B = =@(L, 0na)gn = K, 2, B) =SS

Hence, for all n > n,, we obtain

A(‘)n < —(p(l, (‘)n+1)Qn-
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Or
(p(l, wn+1)CIn < —Awy, n 2 ny.
Dividing this inequality bye (1, w,,,) > 0, We obtain

Aw,
—_——,Nn =
(p(l) wn+1)

Summing (2.1) from ny, ton — 1, we have

Gn < N, (2.1)

n-—1 n-1

A(l)l
< - , where F(w,) = ¢(1, w,). 2.2
z qm l=n0F(wl+1) n (p n ( )

Define § (t) = w; + (t — 1) Aw;, t € [I,1 + 1]. Then we have one of the following two cases

Case (1): If Aw; = 0,then w; < §(t) < w41, Thus,in view of the definition of the functiong,we
get

A(,()l 6’(t) A(Dl

Flo) ~ F(3(0) - Flwm) 3)
Case (2): If Aw; < 0,then w41 < 6(t) < w;. So we can directly obtain (2.3).
Now, by (2.2) and (2.3), we get
”i e fd(d(t)) _ (}(n) B o5 - o(5)]
PR GO NN R °
< ¢+ ®(8(ng)) = ¢; + P(wpo)- (2.4)

Taking the limit superior on both sides for (2.4), we obtain
n-1
glm Z qi < o,
i=n0
Which contradicts (1.2). Hence, the proof is completed.

Example 2.1: Consider the difference equation
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A((n? + x2 — 4x,Ax, + 4(Dx) D) Ax,) + (1 + 2(-1DMe(w,v) =0,n = 1. (2.5)

Here, k(n, x,, Ax,) = (n? + x2 — 4x,Ax,, + 4(Ax,)?)Ax,, g, = 1 + 2(—1)™,

And ¢(u,v) = ue u, where u = g(x,41) = x5,,,and
v=_(n+1)*+ x721+1 — 4xXn1Dxpn4q + 4(Axn+1)2)Axn+1-

All conditions of Theorem 2.1 are satisfied, and hence, all solutions of equation (2.5) are
oscillatory.

Note that the Results of E.M. Elabbasy and sh. R. Elzeiny [5] cannot be applied to (2.5).

Theorem 2.2: Assume that k(n, x,y) = byn, V y € R and for some constant b > 0. Furthermore,
suppose that

Ililm info(1l,w)=c>0, (2.6)
w|—00
te
du
f (— < Ve > 0, (2.7)
n-1
1
lim sup — < 0o, (2.8)
n—oo T‘m
m=ny
And
n-1 1 m-—1
lim sup Z — Z q; =00 (2.9)
n-oo Tm\ :
m=ny =Ny

Then every solution of equation (E) oscillates.
Proof: Suppose to the contrary that {x,,} is a nonoscillatory solution of (E).

Without loss of generality, we may assume that {x,,} is an eventually positive solution of (E) such
that x, > 0,n = ny. Define the sequence {w,} as in the proof of the pervi- ous theorem.
Following the same procedures, we get of Theorem (2.1). Now, we have one of the fol- lowing two
cases:

Case (1): If Aw, = 0,then wpyq = Wy = Wy,
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In view of the definition of the function ¢, and the condition (2.6), we get

Aw, Aw,
— < — ,n
F (wn+1) F (wno)

> n, (2.10)

Case (2): If Aw; < 0,then w41 < W, < wWqe- SO, by the definition of the function ¢, and the
condition (2.6) we can directly obtain (2.10). Now, by (2.1) and (2.10), we get

n-1 1 n—-1
< - Aw;.
l—z = F(wno) Z “
=Ny l=ny
Then, for all n > n,, we have

n-1 1
Z q < _E(w" — Wpo), Where F(wyg) = ¢ > 0.
l_Tlo

Hence, for all n > n,, we obtain

n—-1 n-1
Wy _ Wyo Wno
— < - q=Cy — q;, Wwhre c; = —.
C C C
I1=n0 l=ng

Then,
L k(n,xn, Axy) -
t——————, < — z q:-
g(xn) &
Hence, for all n > n,, we obtain
b A 1
X cy
b 1N,
c g (xn) Tn rTl l=n0

Summing the above inequality from n, to n — 1, we have

n—1

C3 z gA();ll) Z —< - Ti( Z qm) ,Wherec; = IC) (2.11)

_Tlo m Ng

Define §(t) = x; + (t — DAx;, t € [I,1 + 1]. Then we have one of the following two cases:
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Case (1): If Ax; = 0, then x; < 6(t) < x;44. Thus, in view of the definition of the function g, we
get
Ax, > o' (t) Axl
g ()~ (5(t)) g (a41)

(2.12)

Case (2) : If Ax; < 0,thenx;,, < 6 (t) < x;. So we can directly obtain (2.12).

Now, by (2.11) and (2.12), we get

n

s [ (5) 6@)a() < < Z = - nzl(— 2 an)

no —Tl() =Ny m=ng

Then, for all n > n,,, we obtain

6(n) n-1 n-1 1-1
f du < z 1 1
c ——<c —— — )
3 g(u) 2 L rl £ (rl 4 qm)
5(ng) l=ny l=ngy m=ny
Which implies that
§(n)
f du
— > —00gaSs n — 0o,
gu)
&(no)
S(n) d

Now, if §(n) > §(n,) for large n, thenfa(n ) >

Which a contradiction. Hence, for large n, §(n) < §(ny), so

&(no) &(no)

du du
- | mz‘f PO R
5(n) g 0 g

Which is again a contradiction. This completes the proof of Theorem 2.2.

Example 2.2 : Consider the difference equation
1
A <(ﬁ + x2 — 6x,Ax, + 9(Axn)2) eAanxn> +24+3(-D)Me(w,v) =0,n=>1.(2.13)

Here, k(n, x,,, Ax,,) = (n—lz + x2 — 6x,Ax, + 9(Axn)2) et Ax, > n—lexn,
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then (b = 1,andn, = i),qn =24+3(-D"and ¢ (u,v) =u(l+ e_TV),

n2

where u = g(xp41) = Xp4p,and v = ( + X1 — 6Xpp1AXpyq + 9(Axn+1)2) eMmtiAx, .

(n+1)2

All conditions of Theorem 2.2 are satisfied, and hence, all solutions of equation (2.13) are
oscillatory.

Note that the Results of E. M.Elabbasy and Sh. R. Elzeiny [5] cannot be applied to (2.13).
In the following, we state and prove some lemmas which will be needed later on.
Lemma 2.1: Assume that there exist positive integers Ny, N, N = N, such that (1.3) holds.

Then there exist an integer N; = N such that

n

Z g > 0vn= N, (2.14)

i=N;
The proof of the above Lemma can be found in [7,Lemma 2.1].

Lemma 2.2: Assume that (1.3) holds, k(n, x,y) = byr,,Vy € R and for some constant b > 0, and
¢@(u,v) = u in equation (E). Furthemore, suppose that

i (%) — . (2.15)

n=0

If {x,,} is a non-oscillatory solution of equation (E) such that x,, > 0 for alln > N,, then there
exists an integer N > N, such that Ax,, > 0 foralln > N.

Proof: If not, assume first that Ax,, < 0 for all large n, say n = N > N,,.
Without loss of generality, we may assume that (1.3) holds for n > N and gy = 0.
Define

n
QTl = z qlforn 2 N andQN_1 = 0 (216)

=N

Then, we have,
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n

Z 19 (x141) = Z g (x41)AQ_; = Z[A(g(le)Ql—l) — Q1 Ag(xy41)]
I=N =N

=N

= g(Xn+2)Qn — 9(xrn1+1)Qn-1 — 2 Q1Ag (x141)
=N
= 90rn2)0n = ) ((9(2) — 91:1)) QD)
=N

n
= g(xn42)Qn — Z(gl(tz,le)AleQl) = 0.
=N

From equation (E), therefore

n
z ACk(L x;,A%,)) < 0.
=N

Hence,
k(n+1,x,41,Axp41) < k(N,xy, Axy)
< 0,
since
k(n+ 1, xn41, Axny1) = b1 Axnyq.
Then,
Moy < <0, o = KW A) g (2.17)
Tn+1 b

Summing (2.17) from N to n — 1, we obtain

n

1
Xn+1 — Xy < Cy -
1=N+1

Then , we get

Xn4+1 — —0 as n — oo,which a contradiction.
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Next, assume that Ax,, is oscillatory for n > N; > N > N,_Then there exists a subsequence
{ny}r=1 withlim_,,, n; = oo and such thatAx,, =0,k = 1,2,3.....

Letting

_ k(n, x,, Axy)

,n=N,.
g(x) !

Wy

Then, for all n > N;,we obtain

_ A(k(n, xp, Axy)) _ k(n, xn, Axy)Ag(xn)

Awn ) (xn+1) g(xn)g(xn+1)

— —(qn g(xn+1) _ k(n: Xn» Axn)gl (xn+1' xn)(Axn)a
9(xni1) 9(xn)g(xp41)

< —gqp,n = Nj.
Then,
qn < —Awy, n = Nj.

Summing the above inequality fromn; to n;, — 1, we have

Ng—1

Z Qi < —Wy, + 0y, = 0,
l=n4

Which contradicts (2.14). Hence Aw, > 0 for alln > N;.

Theorem 2.3 : Assume that (1.3) and (2.15) hold, k(n,x,y) = byr, Vy € R and for some
constant b > 0, and ¢ (u, v) = u in equation (E). Furthermore, assume that there exists A > 1 such
that

m-1
1
lim sup — Z (m—n)*q, = oo. (2.18)
m—oo m

n=ny

Then every solution of Equation (E) oscillates.

Proof: suppose to the contrary that {x,,} is a non oscillatory solution of (E).
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Without loss of generality, we may assume that {x,} is an eventually positive solution of (E), such
that x,, > 0 for all large n. In view of lemma 2.2, we see that, there is some n; = n,, such that

x, >0, Ax, > 0,n = n,.

Define the sequence {w,} by

_ k(n,xn,Axy)

n = ,n =ny, then w, > 0and q, < —Aw,.

g (xn)
Hence,
m-—1 m-1
Z (m—n)tq, < — Z (m—n)* Aw,,. (2.19)
n=n, n=n,
But
m-—1 m-—1
= ) m=m e, = @n = n) oy, = ) wplm—m)* = (m-n-D1].
n=nq n=nq

By means of the well-known inequality [8]

xB —yB > ByP-l(x —y)forallx >y >0and g > 1,

We have,
m-—1
_ 751 (m —n)*Aw, < (m —ny) w,, — Z Awpii(m —n — 1AL
n=nq
n=m < (m—ny) wy,,. (2.20)

Then by (2.19) and (2.20), we get

m-l 2 1
z (m—n)*q, < (m—ny)"w,,,

n=nq

Which implies that

m-1 m-—n
i (m— n)AQn < ( 1) Wy, -
mh m

n=nq
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Hence,

1 m-—1 1
lim sup — Z (m —n)"q, < o,
m-—oo m

n=n4

Which is contradiction to (2.18). The proof is completed.

Theorem 2.4 : Assume that (1.3) and (2.15) hold, k(n,x,y) = byr, V y € R and for some
constant b > 0, and ¢ (u, v) = u in equation (E). Furthermore, assume that there exists a positive
sequence {p,}m=o such that AR, < 0 foralln > ny, > 0, and

Yr=ng Pn+1dn = o, forsome ny > 0, (2.21)
Then every solution of equation (E) oscillates.
Proof: Suppose to the contrary that {x,,} is a nonoscillatory solution of (E).

Without loss of generality, we may assume that {x,,} is an eventually positive solution of (E) such
that x,, > 0 forall n > ny, > 0. Then, g(x,,+,) > 0foralln > ny, > 0.

Then, from Lemma 2.2, there exists an integer n; > n,, sufficiently large, so that

Ax,, > 0 foralln = n;.

Now,
pnk(n: Xn, Axn)) Pn+1 Pn
A = Alk(n, x,, Ax,)) + k(n, x,,, Ax )A(—)
< g(xy) 9(xne1) ( w ) TG (o)
< —ppidn + k(n, X Axn)Apn _ pnk(n, xy, Axn)A(g(xn))
- e 9 (Xnt1) 9(xXn) g (Xnt1)
k(n’ X, Axn)Apn pnk(n' Xn AXn)Axn
< —Pn+19n + -
g(xn+1) g(xn)g(xn+1)

< —Pns1qn foralln = n,.

Hence ,
nk( ”" n:A TL)
pn+1Qn < A (p ;(;Cn) - )

Summing the above inequality from n; to n — 1, we obtain
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n-—1
Z o < P, (1, X0y A, ) prk(, X, Axy)
m=n, e g(xn1) g(xn)

- pnlk(nl,xnl,Axnl)
B g(xn1)

which is contrary to (2.21). The proof is completed.
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