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Abstract

One of the main questions is whether or not a sequence of polynomials p,(x) that interpolate a continuous
function f at n + 1 equally spaced points tends to f in the sup-norm? The answer is "no" in some cases. The
main fact is that interpolant polynomials p,(x) of a function f converge at a rate determined by the
smoothness of f: the p,(x) converge rapidly to the function f if it is k-times differentiable and converges
exponentially if f is analytic. The polynomial interpolation depends on n but it also depends on the way in
which the points are distributed. We determine conditions on the function f to ensure the convergence of the
polynomials p,(x) to the function f, as the continuity of the function is not enough. The question for analytic
functions is answered using potential theory. Convergence and divergence rate of interpolants of analytic
functions on the interval are investigated. We also study a generalized Runge phenomenon and find out how
the location of the points and poles affect the convergence.

Keywords: Polynomial interpolation, Lagrange polynomial, Chebyshev polynomial, Chebyshev points.

1. Introduction

Interpolation theory is one of the most important tools of numerical analysis. It is used in
approximation theory, numerical differentiation, numerical integration and solving differential
equations. The interpolating polynomial is the polynomial that passes through the given data
values with degree less than the number of points. Polynomials are the simplest form of
interpolation to work with, this is due to the ease of their differentiation and integration. The
interpolating polynomial is the polynomial that passes through n 4+ 1 data points and whose
degree is at most n may give a good approximation for small n. However, interpolation at equally
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spaced points does not always yield a good approximation, for example, due to the Runge
phenomenon. Yet, interpolation at Chebyshev points leads to better results. Even better results can
be obtained through interpolation in term of the Chebyshev polynomial. There are several different
types of interpolation with certain merit and demerit. For example, the Lagrange polynomials
interpolation formula is of a theoretical interest but in practice is not satisfactory. Instead, there are
several attractive alternatives: the modified Lagrange and the barycentric formula. The barycentric
formula is known to be a good method because of attractive features e.g. stability, as shown by
Higham [12].

Polynomial interpolation is the dominant for approximation and has some clear advantages.
For instance, any continuous function on a given interval [a,b] can be approximated by
polynomials (Weierstrass theorem). But there are some disadvantages, as a high polynomial
degree is generally needed for accuracy, which in some cases leads to divergence. In fact,
polynomial interpolants at evenly spaced points need to converge uniformly for continuous
function as n — < even if the function is analytic [14], (see also a simple example.2) with the
Runge phenomenon). If we are able to choose the points of interpolation, then remedy is to
interpolate using points that are clustered at the end of intervals, such as Chebyshev points [10].
If we cannot choose the points, then we have to use another approach.

2. The Chebyshev polynomial

The Chebyshev polynomial of the first kind of degree n is defined as [4, 9]:
T,(x) = cos(n cos™! x) = cosné, (0.1)
where x = cosf,—1 <x <1, 0 <6 <m andn isnonnegative integer.
The Chebyshev polynomials T,,(x) satisfy|T,,(x)| < 1. This follows from the bound |cos 6| < 1,
thus
|Tn+1(x) - Tn—l(x)l <2

The Chebyshev polynomial T;,(x) of degree n > 1 has n zeros on the interval [—1, 1]. The zeros
x; are given by:

cos(2j —Dm
xj:T' j=1,..,n
Moreover, the extrema (i.e. points X, such that Tn(f]) = (=1)/ are given by
_cosjm 1
X = — j=1,..,n

All roots are real and lie in the interval [—1, 1]. The extrema are preferable for interpolation in
practical use because they include the boundary points.
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Theorem.1 [9,15] : A function f (x) on [—1, 1] that satisfies the Lipschitz continuity
condition can be expanded as a Chebyshev series

fe0 =2+ zak T, (D

which converges uniformly and absolutely on [—1,1], where

f f )T (%)

_x2

(2.1)

The Chebyshev polynomials have interesting properties that make them a very attractive tool to
minimize the maximum error in uniform approximation.

3. Barycentric Polynomial Interpolation

Let {xj};lzo n + 1 distinct given points with associated values {fj};lzo , which may or may not be

values of a function f(x): f; = f(x;) j =0, ...,n. Then there is a unique polynomial p, (x) of
a degree < n such that
(%)= f(x), Jj=1..n
The polynomial p,, (x) is called the interpolating polynomial [10, 15]
An interpolating polynomial can be constructed easily using the Lagrange formula

pa) = > f()L @), (3.2)
j=0
where the Lagrange polynomial basis L; is

n

X—X
L(x) = | | K k=0,..n (4.2)
_ Xj — Xg
k=0
k#j
L; is the unique polynomial of degree n that have the property
if j=k

LyCac) = e = {%) if j+k
where §j;, is the Kronecker delta.
The Lagrange interpolation formula is useful for theoretical interest but not appropriate in practice
[10].
The Lagrange formula (3.2) can be rewritten in a different and more attractive way. Let us define:
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L(x) = l_[(x —x0).
k=0

Its derivative is
n n

L'(x) = Z H(x — Xp).

j:O k=0
k=]

Thus, when L'(x) is evaluated at an interpolation point x;, there will be only one term not equal

to zero and thus L'(x) is equal to
n

L(x) = H(x,- — X).

k=0
k#j

Hence, from (4.2), L, becomes

L(x)

Ly(x) = - : (5.2)

L'(2)(x = x;)

If the weight is defined by
1 1
W- — — 7
T Moy — ) L(xy)
then (4.2) can be written as
W.
Ly(x) = L(x) ——.
(x = %)

Thus, (1 3.2) can be expressed as

n n

) = > wify | -0
j=0 k=0
k#j
Therefore, the improved Lagrange formula is defined as:
n W]
pal0) = L) ) fj —— (62)
- (x - x;)
Jj=0

Note that the denominator of L;(x) can be computed in advance because it is constant. Here, the

coefficient of x" is
n n

2 [Jo—= Yy

k=0 j=0

“ Vol.8 (1), 77-100 June 2018



The Convergence of Polynomial Interpolation.....

The formula (6.2) is called the modified Lagrange formula or the first form of the barycentric
interpolation formula and enjoys some advantages over the Lagrange formula [10].

We now arrive at the formula that leads to a better numerical computation. The barycentric

formula can be obtained from the modified Lagrange formula (6.2) [10]. The interpolation of

fj =1 forall jis the unique polynomial p,(x) = 1, which has zero degree. Hence, (6.2) implies

that
W
1= ) L, (x) = L(x — 7.2
,-Zo’() (),Z:O(x—xf) (72)
So
1
L(x) = n W
J=0 (x-x;)

By dividing (3.2) by (7.2) we get

) = Yoo f (%)L ()
pn ;1=0 L] (x)
Substituting (6.2) into the above and cancelling L(x) leads to
n f(x-) Wi
J=0LRN T (x- x))

n W
J=0 (x— xj)

which is known as the barycentric formula. It is an a polynomial if the weights w; are nonzero and
defined in a such a way that

ZL _ L(x)z(x_x) 1.

It was mentioned by Taylor in 1945 [1] for equally spaced points. Later, the formula was

reconsidered by Salzer in [5] in 1972 for Chebyshev points. Furthermore, the formula was

discussed in 2004 by Berrut and Trefethen [10]. Since then, the formula has become widely used
for interpolation and opened up a wide field of research.

pn(x) = (8.2)

In some cases the weight w; can be computed analytically, for example in the case of equidistant
interpolation points x; = a + jh, where h = b%a by using
1

[Te—o (2 — i) B L'(x%)

Then,
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n j-1 n
[ =)= [es=x || ]| 50
k=0 k=0 k=j+1
n j-1 ] n
[[e-x)=|w]]o-0 || [[6-m
k=0 k=0 | k=j+1
J n—j
= |w Qk (1) Bk

= (=D () (= DY),

After some cancellation of a common factor, we have
e
w; = (=1) (1)

Chebyshev points are obtained by projecting equidistant points on the unit circle onto the
interval [—1,1]:

B cos(2j — Dm

7 2n ’

These points are clustered at the ends of the interval. Here, after cancelling common factors that
are independent of j, the weights become

j=1,...,n

2n
and the interpolation formula becomes:
(_1)]- sin(2]r'l—1)n
j=0 (%) (x_x?)
(x) = -]

pn (_1)]- sin(2j-1)m
n 7 on

j=0 (x—xj)

Also, if the points are the Chebyshev extrema points

Xj = , j=1,..,n

then the weights become w; = (—1)f6j [10], where
1 .
8 =12 if j=0 j=n
1 otherwise
For the interval [a, b] the weights will be multiplied by 2™ (b — a)™.
Using the data f; at n + 1 Chebyshev points x;, the interpolant polynomials simplify to a formula

by Salzer [5]
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Pn(x) =

Y=o f(xj)

(-1)J

x— Xj)

(-1)J

J=0 (x-x;)

4. Main Result: Runge Phenomenon
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In many cases a high-order polynomial interpolation leads to a good approximation. However,
as the following examples demonstrate, this is not true for all continuous functions on a finite

interval [a, b].

Example.1: Bernstein proved that for f(x) = |x|, the interpolating polynomial p, (x)
converges only at the points x = —1,0 and 1, where the points 1 and —1 are interpolation

points satisfying p, (1) = p,(-1) =1.
lim,,_,« P, (0) = 0 when n is even but not for odd n.

For the point 0, Natanson in [2] proved that

04 06 08 1

Figure 1. Polynomial interpolations of f(x) = |x| on [—1, 1] at equally spaced points n = 16 (left) and

n = 13 (right).

Moreover, if the function is infinitely differentiable but is not bounded or analytic, then the error
may not be small as the number of interpolation points increases, unless the function is analytic in
a larger complex region where its shape depends on the interpolation points.Runge's phenomenon
shows that using equally spaced points can lead to a loss of accuracy in the interpolating

polynomials.

Example.2: If the function f(x) =

1+ x

> on[—5,5] is approximated at x; = —5 + hj, where

h = 1n—0 then the error becomes worse as the number of points increases (see Figure2).
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This causes large oscillations near to the end of the interval, although convergence takes place in a
smaller interval [—a, a] with a <3.63. However, increasing the degree leads to good convergence
in the middle of the interval.

The main reason for the divergence of the interpolating polynomial at equally spaced points is that
the function is analytic for all x, but has polesat x = +i.

0ol
08
07 “ (
o6l 1 |
os} y i
04 ‘ |
b / \. -
03f f
02f

0.1

Figure.2: Polynomial interpolation of f(x) = Tlxz on [—1, 1] at equally spaced for n = 8 (left) and

n = 16 (right).

Berrut and Trefethen in [10] outlined the way to avoid this problem by using points clustered at
the end of the interval, such as Chebyshev points. This is a notable improvement, with no
oscillation at the end of the interval. However, there exist continuous functions for which
interpolation at Chebyshev zeros does not converge. Such a function does not satisfy the Lipschitz
condition.
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Figure.3. Polynomial interpolation on [—1,1] of f(x) = |x| at Chebyshev points for n = 16 (left) and
f(x) = —— forn = 16 (right).
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Figure4: Polynomial interpolation of functions with different singularities. The top left panel is f(x) =

1+ 0.1x2

panel we have f(x) = L

1+ 25 x2
n = 8. In the bottom left panel is f(x) =

1+ 144 x?

on [—1,1] with n = 16 and the top right panel on [0,1] with n = 8. In the middle left
on [—1,1] with n = 16 and the middle right panel on [0,1] with
on [—1,1] with n = 16 and the bottom right

panel on [0,1] with n = 16 and the bottom right panel on [0,1] with n = 8. Observation: There
is no Runge phenomenon on the half-interval.
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Figure5. Convergence of the error in the sub-norm (co-norm ) of the polynomial interpolation. The left

panel is for the function f(x) =

1

1+ x2

at equally spaced points on the interval [—5,5] and the right

for [0,5]. The horezental axes refers to the number of points while the vertical axes refers to

1) = Pn () lo-

40
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Figure6. Convergence of the error in the sub-norm (co-norm ) of the polynomial interpolation. The left

panel is for the function f(x) = %

x2

at Chebyshev points on the interval [—5,5] and the right for

[0,5]. The horezental axes refers to the number of points while the vertical axes refers to ||f(x) —

Pn(¥)lco-
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We observe from Figure2 that the Gaussian function e ™ and arctan(tx) with equally spaced
points are susceptible to the Runge phenomenon, depending on t and n.
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Figure7: Polynomial interpolation for the functions f; (x) = e~20x*gn( f,(x) = arctan(20x). The top left

panel shows the interpolation f; (x) = e~2%%" using equally spaced points and the top right panel
using Chebyshev points, both with n = 16. The bottom left panel shows the interpolation for
f,(x) = arctan(20x) using equally spaced points and the bottom right panel using Chebyshev
points, both with n = 16. Observation: There is an oscillation (Runge phenomenon) at the end of
interval for the polynomial interpolant of the functions f; (x) and f,(x) at equally spaced points.
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If we interpolate the function on half of the interval or any subinterval, say [0,5] or [0,1], at
equally spaced points with the same total number of points, we will get a better result. The
interpolant converges faster to the function on [0,5] than on [—5,5] (see Figure 8).

W 08 s 04 02 0 02 04 06 08 i M 08 08 04 02 0 02 04 08 08 1

Figure 8. Polynomial interpolation of the function f(x) = —— in terms of Chebyshev polynomials for

n = 4 (left) and n = 8 (right). Observation: There is no oscnlatlon at the end of interval (Runge
phenomenon).

We now consider the case when the function f(x) extends to a function f(z) of the complex plane
which is analytic in a simple closed contour C that contains the interval [a, b]. The complex error
function is given by a contour integral:

Theorem.2 [3] : Assume that f is a function that extends to an analytic function in a domain 2
that contains the interval [—1,1]. Let C < 2 be a simple closed contour in the complex plane and
let x; € C,where f is an analytic function on and inside C. Then

n(X)f(2)
f(x) — pp(x) = f cpn(z)(z 9 ——————dz, x€[-1,1], (9.3)

Where

1 f(Z)((bn(Z) — $u(®))
2mi $n(2)(z —%)

pa ) =  where 00 = | [Gx—x0.
k=0

From ( 4.2), the polynomial interpolant can be written as
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n

$n (Of(x)
paCO = ) — (103)

) S on (%)) (x = x;)
Therefore (9.3 ) has a simple pole at z = x with residue % and simple poles z = x; with
residue ———— o
By subtracting ( 9.3) from

1 f(z)
f(Z) = 2—1_[1 ] (Z—X) dz
Then, we have (10.3) which is a polynomial.
Taking the absolute values, we get estimation:
09~ Pa1 < 5 max 160201 [ b
n ~ 2mi xe[-11] " c ldn(@)(z—x)|

b (0| max|£C2)

< Const -
Xerp_lgl]ld)n(Z)llz — x|

We can obtain the following estimation:

Theorem.3 : Let f(x) be a rational function on [a, b]. Then the interpolant p,, converges to f(x)
if |b —al < R, where R is the shortest distance from [a, b] to the singularities of the function.

Proof: We start with the Taylor series

which converges for an analytic function f inside the circle |z — x| < R > 0, where R is the
shortest distance from [a, b] to the singularities of the function.

By using the Cauchy formula, we have
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f(z)dz

n!
60 =32), G

where C is a closed contour. Therefore, the estimation for the above is given by

| |
(9] < if 1f(2)||dz| - Mn!
2 c |(Z_X)n+1| Rn

Then,

Mn! (b — a)"*?
Ron!

f(x) = pn(®)| <

Therefore, if |b — a] < R then the interpolant p,, converges to f.

In the case of a meromorphic function, the error can be represented in terms of contour integral in
the complex plane by using the residue theorem:

Theorem.4 : Assume that f(z) is a function that is analytic except for a finite number of poles.
Then the p,, converge to f(x) if

Pn(x)
d)n(xj)

asx<b

n
-0 as n- o, where ¢,(x)= n(x — Xp).
k=0

Proof: Let C(p) and C(p*)be two contours, where the contour C(p*) encloses a simple pole of the
function and the contour C(p) encloses the interval and the interpolation points but does not
enclose any singularities of the function. Let C(p") enclose C(p) and C(p*). Then, the formula
(9.3) is equivalent to

JE S ¢! W U A et () N S SR ¢0)(C)
2mi J¢ ) bn(2)(z —x) 21 Jgpry on(2)(z —x) 21 J¢(py bn(2)(z —x)

Using the residue theorem we have

_ _ i Pn(Of(@) n(Of(Z)
07 P 2 ey a0 zR pan] @

where Res f is the residue of f at Xj.
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Since the function f(z) is a rational function. Then, the first integrand of (11.3) would be zero for
sufficiently large n as its radius tends to infinity, which is given by the residue at infinity. Leaving
the integral around the poles, which is equal to sum of the residues at the poles. So

f(x) — pn(x) = Z [¢n(qz))n((z )_ X)l Res[f(z)], forall z=x;

and z = x; is a pole of f(z). Then, the integral around the poles is computed by the residue of the
function at each pole:

n

max |[f(x) — p,(x)| < z max
asxs<b

as<x<b
j=

$n(x)
¢n(XJ)(X

$n(x)
q)n(xl)

Therefore, the error converges uniformly to zero only if

|Res[f(z)],

< Const max
asx<b

dn(x)
dn(x))

More generally, the error bound can be estimated:

-0, as n — oo,

max
asx<b

Lemma.l [3]: Assume that f is analytic in a region 2 bounded by a simple closed contour C that
encloses the interpolation points {xf};-lzo' Then
L(C) max|f(z)|

n maxk(z)

Zz€C

- <

bn (%)
on(2)

and L(C) isthe arc length.

where «(z) = %maxxe[_lll] log

bn (%)
¢on(2)
of the points plays a crucial part in polynomial interpolation and its convergence or divergence.

The region of convergence can be explained by potential theory.

The convergence of the function is based on the function | and the pole location. The location
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5. Potential theory and Runge's phenomenon

Convergence or divergence of a polynomial interpolant depends on the domain of analyticity of
the function being interpolated. To explain Runge's phenomenon, we start with a result from
potential theory that is related to Lemma.l above:

Let &, (x) be a polynomial such that ¢, (x) = [[i=o(x — xx) , Where it can be extendedtoz € C

n
b = |@-x0
k=0
Then taking the logarithm of both sides, we have
n
log|n(2)| = ) loglz —xil
k=0

Now, let us define the discrete potential [8]

n
1
8n(2) = n—-l-lz log|z — xi|.
k=0

6, (z) is the potential at z, which depends on the charge ﬁzﬁzo log|z — zy| at each z.
There is a correspondence between ¢, (z) and &, (z):

|pn(2)| = eon@
A small variation in &, (z) leads to exponentially larger variation in ¢, (z) for large n. From this,
the Runge phenomenon is related to potential theory. If the points are equally spaced, then the
above sum can be defined as a Riemann sum for the integral.
Let assume the distribution of the interpolation points x; in [—1,1] is given by a density function

u(x) with

J:u(x) dx = flp(x) dx =1

-1

and define the associated potential function

8(z) =f u(x)log|z — x| dx

The normalized point measure p is given by

1 n
0= g ), olx—x)
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where o is the Dirac delta functions of strength1, and p is the limit of u, asn — co. The above
integral can be computed explicitly for equally spaced points on [—1,1], where the density function

isu= %and the potential function for z = x4+ iy is

1t 1t
6(z)=—f logIz—tIdtz—f logy/(x —t)? +y?dt
2)_, 2)_,

=-(1-®log (x— 12+ y?) + (A +x)log ((x+ D+ y?)
1 x-1 1 x+1
—Jy arctanT + 2y arctanT :
Hence

e8(2) — e—l((X_ 1)2 + y2)(1—x)/4((x+ 1)2 + yZ)(1+X)/4
x+1 X — 1)]

1
X exp [Ey (arctan — arctan

For real part x, we have
e8(x) — e—l(X _ 1)(1—x)/2(X + 1)(1+x)/2’

where the real part of 6(z)

z+1 z—1
5(z) = —1 + m( log(z + 1) + ——1log(z — 1)).
We have §(0) =-1and 6(+1) = —1 + log2. Then,
2\" 1\"
|b,(2)| = exp(n S(il)) = (E) and exp(n 8(0)) = (E) .

For the imaginary part y, we have
. 1 1 T
edW) = e71/1 +y2 exp (y arctan ;) =3 log(1+y®)+y (E — arctan y) - 1.
If
6 =2 0.7357588824 S
ax [5()] = == 0. < 18(2)],

then we have convergence on the whole interval [-1,1].
The integral can also be computed explicitly for the Chebyshev points, where the density function

and the potential function is

z—\/zz—l‘

. 1
Is w) = =

8(z) = log 5
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We have §(0) = log% and 6(%+1) = log%. So

|pn(z)| = exp(nd,) =~ 27" on [-1,1].
Therefore, from the above we can see the difference between the values of |, (z)]| at equally
spaced points at the ends and in the middle of the interval. On the other hand the value of |, (2)|
at Chebyshev points is the same. Therefore, the error increases exponentially as n increases for
equally spaced points whereas the error decrease exponentially for Chebyshev points. Note that,

S(X) n+1

the convergence depends on | 5) as n — oo,

From the above and Lemma.1, the interpolating polynomial converges exponentially if the
function f has poles in the region with 6(x) — 6(z) < 0 and diverges if f has poles in the region
with §(x) — 8(z) > 0 in some region outside the interval.

Proposition.1: Let f be an analytic function on [—1,1] and p,,be a sequence of polynomials

interpolating f at equally spaced points {xj} o Let 5(z) be defined as above and let C, be the

n
j=
boundary of §(z) in the complex plane, which is given by

Cp = {x +iy: 6(x) = 6(iy) = p} (12.4)
Then
e |If fis analytic for all z such that §(z) < &6(p), then the interpolant converges to f on
[—1,1].
e If fis not analytic for all z and has a pole z*, and z is such that §(z) > &§(z*), then the
interpolant does not converge to fon [—1,1]
If f(x) has singularities only outside the region of convergence, then the interpolation will
converge everywhere on [—1,1].
The level curve C, as defined in (12.4) which go around the interval [—1,1] as the number of
interpolation points n tend to co is very important.

We summarize our observations in the following proposition :
Proposition.2:Let we

e Consider the analytic function f(x) = x—ir on [—1,1] where r is real and does not lie on

the interpolation interval. Then the level curve is given by

6(z) = lim,_,,6(x) =2 log 2 — 2, where 6(x) — §(r) < 0. Hence, the interpolating
polynomial converge to the function (see Figures 9&10).
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e Consider the analytic function f(x) = ﬁ where s> 0 is real on y — axis. The

poles of this function are +is and so §(x) — 8(is) < 0. Therefore, p,converges if
s > 0.5 and diverges if 0 < s < 0.5.
Figures (9) and (10 ) show the polynomials interpolating the function f(x) = ﬁ for different r

This function can be written asf(x) = %(; 5) Since |x| < 1, the Taylor series for this function

1 X\ K
() = ;;(;) ,
which converges if |§| < |%|
Notice that this is an improvement on the bound s > |b —a| = 2 from Theorem.3.
Remark.1 [15]: Let f be an analytic function in the ellipse E, interpolated by polynomials at
Chebyshev points. Then

e |If f has real singularities at x = +r, where r > 1, then the corresponding radius of the
ellipse isp=r+ Vrz2— 1
e If f has imaginary singularities at = +is , where s > 0, then the ellipse has radius p =s +
s+ 1.
The remark shows that, if the region is large, then the convergence is faster.
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Figure 9. Polynomial interpolation on [—1,1] for the function f(x) = ﬁ at four equally spaced points for
different values of r. Clockwise from the top-left: r = 1.1, r = 1.5,r=3andr = 2.
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Figure10. Polynomial interpolation on [—1,1] for the function f(x) = ﬁ at four Chebyshev points for
different values of r. Clockwise from the top-left: r = 1.1, r=15,r=3andr = 2.

Example.3:
e The analytic function f(x) = Z—ix has pole at2 and p =2+ v22—-1=3.732..... We

would expect fast convergence.

1
1+ 16x2
would expect slow convergence.

Example.4: Reconsider the previous example

1
f(x) = L X € [-5,5]

+ ~ 1.28... We

p|§|
N

e The analytic function f(x) = has poles at +i/4 and p =

-
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with poles at +i . The logarithm potential for this is given by

5
8(z) =f In|z — t| dt.
-5

As 8(z) is symmetric with respect to the real axis and the poles of the function are x = +i, the
region of convergence is given by
C,={z€C 8(z) <@},
where the boundary of the region  (the curve &(z) = 6(i)) cuts the real axis at
x* = 3.6338430238. Thus p, converge to f for |[x|< 3.633 and diverge in the
interval(—5, x*) U(x*,5), except at the points +5, since these are the interpolation points. This
function and all its derivatives are continuous and bounded for all real x, but it has poles in the
complex plane. However, these poles are too close to the interval[—5,5]. We can rewrite the
function as
i/2 i/2
f(z) TZ+1 z—i
which has residues of i/2 at z = —iand —i/2 at z = i. Therefore, by the residue theorem
_iQn(X) i®n(x)
100 = Pt = 25D -0 T 26,006 -
For even n and equally spaced points in [—5,5], the function @,(x) is even, which means that
0,(1) = 0,(—i) and so we have
Bn(x) [i/2 N i/2 ] =0,
0,0 li—x i+x 0,()( +x?)
Therefore the convergence depends on the behavior of Z‘;—((’_:)). Now

n
1 1
18 GOI/™ = —10g18a (0] = — > loglx — i,
k=0

where
5

1 1
r{iggoﬁlogl®n(X)I =10 _sloglx — t|dt = q(x).

The function q(x) is real for complex x, and the equation ( q(x) = q(i)) has real roots x = +x",
where x*=3.63.... If q(i) = 8(i), then for x > x* we have q(x) = 6(x) > &(i). Now
logl@n ()" »8(x) and  log|@, (D™ - 8(i)
Then, for large n
|log|@, GOI™ — logl@, (DI/"] > 18(x) — 8@
In other words,
04(x)

(6(x)—8(@))n
O > e .
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When |x| > x*, since 6(x) > 6 (i), the error converges to infinity and therefore the function
diverges for |x| > x*. The curve with p=2.46879067 passes through the poles x = +i of the
function and cuts the real line + 3.6333843. Hence, the sequence p,, converges inside this curve.

For Chebyshev points we have
dt 2

dp= —— d &)= :
e M T e
Therefore, we have, e~3® = 2.5, and its potential curve for values larger than 2.5 are ellipses with
foci +£5. The Runge function can be expanded as a power series centred at the origin

Z( DR, <1

The series converges inside the unlt dISk and diverges outside of it.
For a generalization of the Runge function, we have the following:

1+X2

Proposition.3: Consider a generalization f(x) = of Runge's example on the interval
[—a,a], where s > 0 ison y — axis. Then

|r|
|f(X) - pn(X)l S SZ + X2

Pn(x)
@,(sD|
where x =r for even n and r = si for odd n. The convergence of p,, depends on
max 6(x) < &(si)
X€[—a,a]

Q)n x)

Pn(sDI If

where
2a
max 6(x) = 6(a) = —
x€[—a,a] e
and 6(si) < 6(x). Therefore the convergence occurs when s > (*a where (*=0.5255. (See
also [7]).

6. Conclusion

We can conclude that, if the interpolated function f is real analytic and its poles in the complex
plane are located far from the interpolation interval, then interpolation converges uniformly to f. If
the above condition is not satisfied, the polynomial interpolation may diverge for certain
distributions of points. In particular, rational functions with singularities near the interpolation
interval may lead to the Runge phenomenon
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