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Abstract

In this paper we introduce and study a subclass R,(f, g,a,{, ) of meromorphic p — valent functions in

U ={z € C:0 < |z| < 1}. Therefore we obtain some coefficient estimates, distortion theorems, convex linear

combinations and radius of convexity for functions belonging to the subclass R, (f, g,a,¢,5). Also we derive

several interesting results involving Hadamard product (or convolution) of functions belonging to this subclass.
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Introduction

The class of meromorphic functions which are analytic and £ -valent in U = {zeC:0<|z| <

1} = U\{0} and has the form:

f(z)=z"P + Z ap+nzp+", (ap+n >0,p e N={1,2, ...}), (1.1
n=0

is denoted by Y;,. For f(z) inthisformand g(z) € },;, given by

g(2)=z"7+ Z bpinzP™™, (p €N), (1.2)

n=0

the Hadamard product (or convolution) of f(z) and g(z) is given by
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(f )@ =277+ Y ayinbpenz?™ = (g% )2, (13)

For 0Sa<p,0<ﬁ£1,%£(§1,pel\land g(z) € ¥, we say that

f(2) € R,(f,g,a,¢,B) if it satisfies:

P (fxg)' (@) +p

X - D i (f 9@ + Za—p)| “PEEV) (14)

= + An\®
g(Z)=z‘p+Z(p > ) zP*", (1> 0,p € N,k € N, = N\{0}).

n=0

Putting g(z) =z7P + X%, (”*p“

the class F,; (a, B, ) studied earlier (see [2]).

k
) 2P, (12 0,p € N,k € Ng = N\{0}) i (L.4), we obtain

We also note that, for different choices of g(z) we have the following new classes:

Z_p

(i) Ry (=, a0, B) = Ry, B)

( 2P (@) +p 5

Jf e Z 2¢ — D)zP*1(f(2)) + 2%y —p) L;
P 1

L (0Sy<p;0<ﬁ£1;ES(S1) J

(") Rp (Z_p + Z%o:l Fn(al)zn; a, (' ﬁ) = Rp,q,s(ali Y, (' ﬁ)
( zP*1 (Hp,q,s(al)f(z)), +p

lpeymles-ne (Hpas(@)f@) + 2y — p)
p (@ >00G=12.,9,8>0(=12.,5)

\

<p

1
\ 0<y<p0<f<L-<{<D

Where
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(@) (@) 1

(@) =y B !
_Tla+k) 1 k=0
(@ = I'(a) _{a(a+1)(a+2)...(a+k—1) keN,

and H,,s(a;) was introduced and studied by Liu-Srivastava [8];

_ BIn+pBsIn+pA+D)n+
14 o) p 14 b_n. —
(1) &, <Z R e e e LA ) Roala¥.¢. B)

7 (M}, (@)f @) +p \

: <p
ey (2¢ = Dzp+t (M2, (a)f (2)) + 24y — p)
p (B>0G=12.,8),q>0G=12.,D,

A
~—
-

1 x
L OSy<p;0<ﬁ£1;§S(S1;/12p;ZE[U)J

where the operator Mﬁ 1,s(a1) was introduced and studied by Mostafa [9, with m = 0];

H -p r(w) w T(A+v+n)(wn n-p. — Av
(V) Ry (277 + s Bty s 2175 0,8, B ) = R (v, €, B)

2P (Hiry uf (Z))' +p )

7 <B
o |@¢ =Dz (Huf @) + @28y —p)
<fez:p'(izo;u>0;v>—1;Os)/<p;0<[>’31;

~

1 «
=<(<1,z€elU)
L 2

where the operator H;},v,# was introduced and studied by Mostafa [10].

For more details of meromorphic multivalent functions (see [1], [3], [4], [5], [6], [7], [11] and
[13]).

Vol.9 (2),52-66,Dec.2019



Certain Subclass of Meromorphic Valent

2. Coefficient Estimates

In the reminder of this paper we assume that:
0<a<p0<B<1,5<{<1by,>0neN,andp€eN.
Theoreml . A function f(z) € R,(g,a,{,p) ifandonly if

D @+ WA+ 288 = Btpsnbyin < 265(p— @) 1)

Proof: Suppose (2.1) holds. For |z| = r < 1, we have

1241 (f * 9)'(2) + pl = BI(2¢ — DzP*H(f * 9)'(2) + (2{a — )

z (»+ n)ap+nbp+n22p+n

n=0

—-B

2@ =)= ) (b +1)@ ~ Dayinbysnz?*"
n=0

< Z(p + n)ap+nbp+nr2p+n - 2,35(29 - a) + z ﬁ(p + n)(zf - 1)ap+nbp+nr2p+n
n=0 n=0

<) @+ + 268 = B)apinbyinr " = 26{(p — @) < 0.
n=0

Hence f(z) € R,(g,a,7,B).

Conversely, suppose that

‘ Fxg)'(@+p ‘
(2¢ = DzP*(f * g)'(2) + (2{a — p)

‘ Yn=o(p + n)ap+nbp+nzzp+n
(26 - 1)(19 - Z%ozo(p + n)ap+nbp+n22p+n) - (2(0! - 1)

<,B(Z € [U*).

Using the fact that Re(z) < |z| for all z, we have
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® o+ n)ay by nz?P* .
Re{ Zn_go(P )apnbpin — }< B(Z €U ) 2.2)
2{(p—a) - Zn:O(p +n)(2¢ - 1)ap+nbp+nz P
Now choose the values of z on the real axis so that zP*1(f = g)'(z) is real. Upon clearing
the denominator (2.2) and z —» 1~ through positive values, we obtain (2.1).
Corollaryl . If f(z) € Ry(g,a,¢,B). Then

2B¢(p — a)

e = A L+ 28— Bbprn —
Sharpness holds for
f(2) =27+ 2By — ) (2.4)

(p + )1+ 2B = Blbyiy

3. Distortion Theorems

Theorem 2. If f(z) € Ry(g,a,¢,B). Then

((p +m-1 (-1  2p{(p-a) r2p>r_(,,+m)
(-DI  (-m)! A+28]-p)b,

< |f(m)(Z)| < ((p +m — 1)' (p - 1)' Zﬁ((p - (X) 2p>7"_(p+m)

+ . r
(p — D! (p —m)! (1+2B¢—PB)by
(0< lIz| =7 < 1;mEN0;pEN,bn+p>0;p>m).

Sharpness holds for

2p¢(p — a)

f@ =2 28— pyn,

Proof. In view of (2.1), we have
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(1+ 285 = B)by

D 0+ Mlapn < ) B +MA+260 = Papinbpn < 260 — ),

p!
which yields
N 2B7(p — a)p!
+)la, ., < . 3.1
2.0 Ml < oy G

Now, differentiating both sides of (1.1) m -times with respect to z , we have

— |
prm-D! _pim

= +n)!
+ Z%amnzmn_m (m€Np;peN;p+n

>m) (3.2)

from (3.1) and (3.2), we have

o @ADL O @)
@) < Lo Z(p+n i e

< <(p +m— 1)! + p! . Zﬁ((p — a) T'2p>1"_(p+m)
-1 (-m! (A+28{—B)by

and

o @M=D o ()
(@) 2 g Ty Z(p+n i G

> ((p +m— 1)! . p! . 2,3((29 - a) 1"2p> T'_(p+m).
-1 (-m)! (A+28{-p)by

Theorem 2 is completed.
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4. Radius of Convexity

Theorem 3. Let f(z) € Ry(g,a,{,B) . Then f(z) is meromorphically p — valent convex of

orderc (0 <o <p) in |z| <r where

__inf {(p —0)(1+ 2B — B)bpn
n ( 26{(p—a)(n+3p—o)

} (n>=0;p €eN). (4.1)
The function f(z) given by (2.4) gives the sharpness.

Proof. We must show that

(zf' (@) +pf'(2)
'@
where r is given by (4.1). Indeed we find from (1.1) that

<(p-—-o) for |z| <r

(zf'(2))' +pf'(@)| _ La=o(p + n)(2p + n)ay,y|z|?P*"

@ S T 2o (p + Map [z
Thus
f @Y +pf' @) _
O I
if
z <(p al ”z;n_jp _ 0)) |2 P74 < 1. (4.2)

n=0

But, by Theorem1 , (4.2) will be true if

<(n +3p — U)) |Z|2p+n < (1+2B¢ - ﬁ)bp+n
(p—o) T 2B{(p—a)

that is, if
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(p—0)(1+2B{=B)bp+n)2p+n )
| < { ] Pz 0;p €N). (4.3)

Theorem 3 follows easily from (4.3).

5. Closure Theorems
Theorem 4. Let

fp—l(z) =zP (5.1)

and
foan(@) =27P + — 20D pin >0, peN (5.2)

(p+n)(14+2BS—B)bp+n

Then f(z) € R,(g,a,q,B) if and only if it can be expressed in the form

f(Z) = Z?Lo=—1 ¢p+nfp+n(z)' (5-3)

where Y. =0 and X7 Y, = 1

Proof. Suppose that f(z) = X5=_1 Ypsnfp+n(2). Then

N 2B{(p — a) o
A ZO B+ W+ 26 = Dby 7

We have

2B¢(p — a)
(p + n)(l + Zﬁ( - ﬁ)bp+n

> @ +m(+ 26 = Hbyan Ypin
n=0

= 2630 = @) ) Ypin =265 — (1 = Ppin)
n=0

< 2B{(p — a).
From Theorem 1, f(z) € R,(g,a,,p).

Conversely, assume that f(z) defined by (1.1) € R,(g,a,{, ). Then (2.4) holds. ~ Setting
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(p + n)(l + Zﬁf - ﬁ)bp+n
2p¢(p — )

Ypin = ap+n(n >0;p€EN) (5.4)

and

Yp1=1= ) Ypin
n=0

we thus have (5.3). This evidently completes the proof of Theorem 4 .
Theorem 5. The class R,(g,a,,B) is closed under convex linear combination.

Proof. Suppose each of the functions

fiz) =z"P + Z piniZP*T (Apini 20,1 =1,2), (5.5)

n=0

are inthe class R,(g,a,{,B). Itis sufficient to show that the function w(z) defined by

wiz)=1-9)fi@)+sf,(z2)(0<s<1) (5.6)
is also in the class R, (g,a,{,f). Since

W(z) =277+ Y [(1= apans + SCpena]2? (05 <1,

n=0

In view of Theorem1 , we have

Z(p + n)(l + Zﬁ( - ﬁ)bp+n[(1 - S)ap+n,1 + Sap+n,2]
n=1

=1-5) Z[(P +n)(1 +28{ - ﬁ)bp+n]ap+n,1 + s Z[(p +n)(1 +28{ - ﬁ)bp+n]ap+n,2
n=0 n=0

< (A-928{(p—a) +2sp{(p —a) = 2B{(p — ).

This shows that w(z) € R,(g,a,,B). and hence the proof of Theorem 5 is completed.
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6. Convolution Properties

Theorem 6. Let f;(z) € R,(g,a,¢,p)(i = 1,2), where f;(z)(i = 1,2) are in the form (5.5)
- Then (f; * f2)(2) € R,(g,w,{,B), where

02
©=p 2B¢(p — a) ©.1)

~p(1+280-B)b,

Sharpness holds for

2p¢(p — a)
p(1+2B{—p)b,

fi(z) =z7P + zP(i = 1,2). (6.2)

Proof. Using the technique for analytic functions (see [12]), we need to find the largest real

parameter w such that

C (»+n)A+ 2B — B)byin
2B{(p — w) - Apin1Qpinz < 1.

Since fi(2) € R,(g,a,¢,B)(i = 1,2), we have

o (p +n)(1+ 280 — Bbpyn

Wp—a =t
n=0
and
> (p+n)(1+ 280 — B)b
(p +n)(1+ 287 — B)byin s <1,
2¢(p — ) P
n=0
By Cauchy-Schwarz inequality we have
- (p+n)(1+ 26 — )b
2,3((19 _ (Z) P Vv Ap+n,1Ap+n,2 <1 (6-3)

n=0

Thus it is sufficient to show that
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(p + n)(l + 2ﬁ< - ﬁ)bp+n
zﬁ((P _ w) ap+n,1ap+n,2

(p + ) (1 + 28 = Bbpsn

< VO in1pin2

or, equivalently, that

(p —w)
vV Ap+n,1p+n,2 = m
Hence, in the light of the inequality (6.3), it is sufficient to prove that
2B¢(p — a) oo

(p + n)(l + ZB( - B)bp+n B (p - a)
It follows from (6.4) that

(6.4)

e 2p3(p — a)?
P+ + 260 — Pbpen
Let
N2
Gn) = p 2{(p — @)

~ @+ + 28— B)bpen’
then G(n) is increasing function of n(n = 0). Therefore, we conclude that ,

2Bl —@)?

and hence the proof of Theorem 6 is completed.

w<G0O)=p

Theorem7. Let f,(z) € R,(g,a,{,B) and f,(z) € R,(g,6,{,5) where f;(z)(i = 1,2) are
in the form (5.5) - Then (f; * 2)(2) € R,(g,®,{, B), where

2B - ) 0)
P P+ 267 - )b,

Sharpness holds for
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2p¢(p — a)

7D
p(1+2B¢—p)b,

filz) =z7P +

and

2800 -5)
p(L+ 28 = P)b,

Proof. We need to find the largest real parameter ¢ such that

f2(z2) =z7P +

(0]

Z (0 +n)(1 + 287 — Bbysn
n=0 2B — ) Ap+n,1p+n,2

Since f1(z) € R,(g,a,q,p), we have

<L

O (P + 1) (L + 287 — B)bpin
TZ:(:) 2B{(p — a) Apini <1,

and f,(z) € R,(g,6,¢,B), we have

© (p + Tl)(l + 2'3( —_ 'B)bp+n
; 2B¢(p - 96) Apinz < 1.

By Cauchy-Schwarz inequality we have

o (p +n)(1+ 287 — B)b
Z S vV Ap+n,1p+n,2 <1
n=0

280 — a)y/(p = &)

Thus it is sufficient to show that

(p + n)(l + Zﬁ( - ﬁ)bp+n
2B - ¢) tpnafpin?

< (p + n)(l + Zﬁ( - ﬁ)bp+n
I CETINCEE)

1/ ap+n,1ap+n,2

or, equivalently, that

(6.5)
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(p— o)
Ginafpinz S Jo-aoJpo -8

Hence, in the light of the inequality (6.5), it is sufficient to prove that

26—V (P—8) _ (»— o)
(p + n)(l + 2/35 _B)bp+n - \/(p - a)\/(p - 5) .

It follows from (6.6) that

(6.6)

2B¢(p —a)(p = 8)
p+n)(1+ 2B = Bbpsn

<p-—
<PP(

Let

26{(p—a)(p—6)

M) =P = G (AT 260 — Bbyon

then M(n) is increasing function of n(n > 0). Therefore, we conclude that

2B~ )(p—5)
p(L+ 257 — P)b,

and hence the proof of Theorem 7 is completed.

p<MO)=p

Theorem 8. Let f;(z) € R,(g,a,{,F)(i = 1,2) where f;(z)(i = 1,2) are in the form (5.5) -
Then

©o
h(z) =z7P + Z(a2p+n,1 + a2p+n,2)Zp+n;

n=1

belongs to the class R,(g,a,n, )

. 4B3(p — a)?
p(1+ 2B — B)b,

Sharpness holds for f;(z)(i = 1,2) defined by (6.2).

'r]:

Proof. By using Theorem 1, we obtain
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i (® + )1+ 28 — Pbypin)”
2B{(p — @) @ pina

n=0

o (0 + 1) (1 + 280 — Bbpyn ?
< Z { = amm} <1 6.7)

n=0

and

i ®+n)(1+ 2B — Pbyin)”
28{(p — ) @ pn2

n=0

< z {(p +n)(1 + 28] - ﬁ)bp+n

2
Zﬁ{(p — a) ap+n_2} <1 (68)

n=0

It follows from (6.7) and (6.8) that

i 1 {(p +1)(1 + 288 = B)bysn
2

2
a? + a? <1

n=0

Therefore, we need to find the largest n such that

(p + n)(l + 2/35 - ﬁ)bp+n < l{(p + n)(l + Zﬁ( - B)bp+n}2
2BS(p —m) T2 2BS(p — @) '

Let

_ 2B(p — a@)®
(0 +n)(1+ 2B = Pbpsn’

Hn) =p

then H(n) is increasing function of n(n > 0) Therefore, we conclude that

__2B{p - a)?
p(l + Z.B( - .B)bp .

n<HO)=p
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and hence the proof of Theorem 8 is completed.

Remarks (i) Putting g(z) =z P + Y7, (p?n

k
) ZPT™ (1= 0,p € Nk € Ny)

in our results we obtain the results obtained by Aouf [2].

(ii) Specializing the function g(z) in our results, we obtain new resultes associated to the classes

Ry¢(a,B), Rpgqs(ay,v,¢,B) and R;};Z(y, ¢, B) defined in the introduction.
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