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This paper aims to generate materices of rotations in Minkowski using the Lie
Derivative. The calculus on manifolds in Lorentzian spaces are used to generate
matrices of rotation in three-dimensional Lorentz-Minkowski space which includes
one axis in timelike and the other two are spacelike axes. The findings showed that
the manifolds and their calculus dramatically increased the use of Lie derivative in
many branches of mathematics and physics, The findings also revealed that
matrices ( of rotation) leave one line ( axis) fixed and these matrices of rotation are
used widely in differential geometry in physics. Furthermore, the findings
demonstrated that any surfaces of revolution inside this space must be invariant
under one of these matrices. The main result of this paper is a new procedure of
creating rotational matrices explicitly using the Lie derivative and deriving it into a
linear system of ordinary differential equaion. Solving this system leads to matrices

of rotation that leaves one axis fixed in Minkowski space.

1 Introduction

Manifolds and their applications combine many critical
areas of mathematics; they generalize concepts such as
curves, surfaces, and ideas from linear algebra and
topology.

In differential geometry, Lie (1842, 1899) evaluates the
change of a tensor field (including scalar functions,
vector fields, and one-forms) along the flow defined by
another vector field. This change is invariant
coordination. Therefore, the Lie derivative is defined by
any differentiable manifolds. The Lie derivative is the
early beginning of calculus on manifolds.

On the other hand, the rotational surfaces in Euclidean
space have been studied for a long time. Many examples
of curves on these surfaces have been discovered. These
surfaces are called rotating a plane curve on an axis (
called the axis of rotation). This rotation is done using a
matrix of rotation, which is called a one-parameter
group of isometry and orthogonal matrix SO(3) (For

more information, see Pressley’s differential geometry
textbook written by Pressly, 2010).

However, in the last three decades, the vision of
geometry has been developed to other spaces including
the time axis. While in Euclidean space all axis are
spacelike vectors (+,+,+), in (Minkowski) space there is
a one-time axis (+,+,-). This different sign changes all
theorems of inner and outer products of vectors to
another field (See Hall, 2004; Hilgert and Neeb, 2011;
Lopez, 2014; Saad, 2016).

Minkowski's space is more complicated compared to
Euclidean's. We can distinguish other types of matrices
of rotation which are later called space,time, and null
rotation.

Thus, there are three types of one-parameter groups of
isometries. By considering the rigid motion of ambient
space that keeps a line fixed, we will solve these types
of rotation to generate these different types explicitly.
Firstly, similar to each axis of rotation, there is a matrix
of rotation that leaves a (type) of axis fixed.
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Furthermore, we use the definition of Lie derivative
and Killing (1847-1923).  Killing fields are the
infinitesimal generator of isometries; that is, flows
generated by Killing fields are continuous isometries of
the manifold and matrices of rotation generate in three-
dimensional Minkowskian spaces.

This work is located between differential geometry and
physics. This paper also tries to show explicitly the
relationship between differential geometry and Lorentz
groups, i.e. Lorentzian Manifolds.

Rotation in E3 preserves all distance. As a consequence,
they preserve all inner products. Also, the map transfers
the orthonormal basis to another orthonormal basis with
a linear transformation of finite dimensional vector
space. Rotation can be represented by a matrix once a
basis is chosen.

In 3D Euclidean space, restricting the attention to the
proper rotation, we find that the set of all 3 x 3 matrices
satisfies the orthogonal-unit matrix which is known by
S0(3).

The group of SO(3) is a group with an identity element
of unit matrix I and the matrix multiplication as the
group operation, then SO(3) defines a rotation group of
E3.

Any matrix R € SO(3) has been taken into account an
eigenvector with an eigenvalue of 1. It gives the axis of
rotation.

In this paper, as previously mentioned, we go forward to
another space which is the 3D Minkowski space. While
the three dimensional in Euclidean space are all positive
definite in the self-inner product, in Minkowski space
there is a one-time axis giving the possibility of minus
singe of self-inner product. Therefore, not all axis of
rotation is the same, and then we go through all
possibility of the axis of rotation upon the Minkowski
space criteria.

Accordingly, using the Lie derivative of
diffeomorephisom functions gives a system of ODE.
Therefore, three different types of matrices simulate the
matrix R € SO(3), but now for Minkowski spaces i.e.
R € 50(2,1). (two spacelike and one timelike vectors).
Matrices of rotations generate in Minkowski space
which is the beginning of the geometry of surfaces in
Minkowski space.

In sections two and three, we define the isometry in
Lorentz groups, rotation, and the transformation of
Lorentz groups.

Section four includes the main definition of calculus on
the manifold which describes the Lie derivative, its
properties, and the generators of rotation in Lorentz
space seeking to Killing vector fields.

Finally, section five, presenting the main results of this
paper, covers in detail all the computation parts of

generating rotational matrices in three-dimensional
Minkowskian spaces using systems of ordinary
differential equations.

2 The Isometry

In this section, we review the isometry in E3 and
consider that for E3 (three dimensional Minkowskian
space). An isometry is defined as a function that
preserves the matric (Carrol,1997; Torres, 2012).

2.1 Introduction

Definition: A  diffeomorphism  between  two
Riemannian manifold ¢:(M,g) — (N,h) is an isometry
if @*h = g which means for every point x, d,¢.

Linear map isometry is between T,M and TN that
leaves a line (length) fixed .

A particular consequence of this definition is that:

Definition: f:(M,g) - (M,g) is a diffeomorphism
from a manifold onto itself, with the property that is for
all pe MandallV,W € T,M

8 (BV. f W) = g, (V, W) )
Then fis an isometry of (M, g).
2.2 Isometry Group

The isometry group of the Riemannian manifold (M, g)
is the set of diffeomorphism of M that is g-isometric,
e.g. the Lorentz group.

2.3 Rotation

Rotation in three dimensional Euclidean space
E3 preserves all distance .i.e. they are isometries. A
rotation can be represented by a matrix . All rotational
matrices are special orthogonal matrices ,which in
detR=1andRT =R™! .

In this section we define the rotation as well as mention
standard rotations in three dimensional Euclidean space
E3 (For more detail, see Hall,2004; Hilgert & Neeb, 201;
Lopez, 2014).

3 The Lorentz groups and Transformation

In this section, we define the Lorentz group, Lorentz
transformation and types of Lorentz transformation in
three dimensional Lorentz Minkowski space E3 .

- The Lorentz Group

Lorentz group is the group of isometries of Lorentz
Minkowski space which preserve the origin.
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- The Lorentz Transformation

The Lorentz transformation for any position (point) in Lorentz
Minkowski space is defined by

S=AS whereg=ATgA )

Where AT is the transposed matrix to the matrix A and

10 0
g=0 1 0 ®)
00 -1

is the Lorentz Minkowski metric .

4  Lie Derivative

Let v be a vector field on a smooth manifold M and ¢,
is a local flow generated for each t € R. The map ¢,
is diffeomorephsim of M and so it induces the
movement functions such as push-forward and pull
back.

Definition: The Lie derivative of the function f with
respect to v is defined by:

Lof = lim (%) = £ i £l @

Lemma: since¢p; = f o ¢, then

L ¢i fle=o ®) = S f($e(D))le=0 =
L (1p(®)leo =v(@).f VpEM ©)

Where the tangent vector to y, at pis X(p) concludes
that L, f = vf.

Although, if U,V be two vector fields on M. The Lie
derivative of IV with respect to U is given by:

LUV = hm ((ptz V) - _t(l);vlt:O (6)

Where ¢, is generated by U.

On the other hand, the Lie derivative is a linear
operator which satisfies Lebntiz identity and always
linearly dependents.

In this paper, however, the following special cases are
needed to achieve the main goal.

Lie derivative of the Lorentzian metric

Definition : Let g;;be the metric of Minkowski
spacetime defined above (3), we find

ngij =gab,cV”+gaCVC,b + 9 Vea (7)

The first term of (7) seems to be normal derivative of a
constant ( the metric), so the equation (7) becomes

ngi]' = gacvcﬁb + gcb Vc:a (8)

If we rotate or boost to save isometric of this change, we
always have:

The Lie derivative of the metric plays a key role in the
theory of Killing fields (For a review, see Carroll,
1997.p120), which are generators of continuous
isometries. A vector field is a Killing field if the Lie
derivative of the metric with respect to this field
vanishes. l.e the vector v in (8) is so called Killing
vector fields.

Furthermore, on solution (8) to be equal zero and
according to Saad , in three dimensional Minkowskian
space, the generators of matrices of rotations under this
space are given by :

da d . .
XYoo 08 called generator of rotation , and

a a d d
xoo+to- and yo+ t; are called generator of
boost .
However, for the null ( lightlike ) generator we can use
a a
(-5 +xG+
(Hall,2004; Saad,2016).

%). This suggestion is found in

As a result, we use only rotation, one boost and the null
generator for the null case. In the following section we
solve the above generators as a system of ordinary
differential equations to create matrices of rotation
explicitly.

5 Results

The main conclusion of this paper is that matrices of
rotation generate explicitly. Now we divide the
discussion into three cases of study, i.e. rotation , boost
and null case.

5.1  Spatial Rotation

It is important to begin with the most obvious analogue
of rotation. The infinitesimal generator of this case is

xd/dy—yd/dx (10)
Therefore the Killing vector field becomes :
V=(y x 0)F 1)

This defines the 3 x 3 matrix in Minkowsks spacetime
corresponding to the generator in (10), which is in
(x,y,t) coordination by
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0 -1 0
Le=[1 0o o (12)
0 0 0

This matrix L, is the matrix corresponding to

infinitesimal generator about t-axis.

Now we have one parameter group of homomorphism
Yy = Ly, P, 50, Ps(x) = et x. As x is a vector in E3.

Our job now is to solve the system of ordinary
differential equation of the form of :

l»bs = Lk lps‘
-1 -1 0
Then, to find eigenvalueslet [1 -1 0(|=0
0 0o -1
therefore = A, =0,1,=i,A; =—i
Calculating the matrix exponential gives:
cos(f) —sin(f) O
X(6) = |sin(@) cos(8) 0O (13)
0 0 1

This means any point (0,0, t) is fixed. Also the axis of
rotation is t-axis. Additionally, the orbit of any point of
a spacelike curve with t-constant in this case is a circle
centered with the origin.

5.2 Boost in direction of spacelike axis.

In this section the one parameter group of
transformation which fixes each point in space-like is
sought. Let Y- axis is the axis of rotation, and use

x0/0t+td/ox (14)
Therefore the Killing vector field becomes :
V= 0 )T (15)

This defines the 3 x 3 matrix in Minkowksi spacetime
which is similar to the generator in (14), which is in
(x,y, t) coordination by

00 1
Le=0 0 0 (16)
100

With the same calculation and discussion above, the
matrix exponential gives:

cosh(#) 0 sinh(8)
X(0) = 0 1 0 (17)
sinh(6) 0 cosh(8)

In this case the orbit of any point has fixed y-coordinate,
discussion of the orbit is hyperbola-timelike. (lift for
future work).

5.3  Null (lightlike) rotation in Minkowski
spacetime.

Finally, we consider the situation where the axis of
rotation is a null line. It is located in yt- plane i.e.(y=t)
as given above before this section, so the generator of
this case is:

(t—y)0/0x + x(0/0y + d/dt) (18)
Therefore the Killing vector field becomes :
V=(t—-y x x)T (19)

This defines the 3 x 3 matrix in Minkowksi spacetime
corresponding to the generator in (10), which is in
(x,y,t) coordination by

0 -1 1
Ly={1 0 0 (20)
1 0 0

Same procedure, as before, of solving system of ODE.

Let
-1 -1 1
1 -2 0[=0,
1 0 -1

this gives 4, , ; = 0 "multiple eigenvalues "

At this time, with mansion to Perko, the general solution

to the linear system is given by

Nkgk

k!

X(0) = e [1+1v9+~.+ (1)

Where N=L—S is an nxXn matrix is said to be
nilpotent of order k if N"*#0and N=0,k<n ,
S =diag(1) ,L is a matrix called Lorentz
transformation .

0 0 0 0 -1 1
S=10 0 Of, N=]1 0O O],
0 0 0 1 0 0
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0 0 O
N2=|0 -1 1| ,N3=0 (22)
0 -1 1
X(6) = e [1 +NO+1 N292] (23)
1 0 O 0 -6 06 L 0 0 0
=10 1 0|+]16 0 O +; 0 —-6% 62
0 0 1 6 0 O 0 —-6?% 02

Therefore, the one parameter subgroups of rotation
matrices is

. ]
X(e)=|9 1—:? e?zi (24)
lo -% 1+%]

This one parameter group fixes liney =t in yt —
plane

Therefore, the axis of rotation is given byl = (0,1,1).
And the orbit seems to be a parabola-time, but the
discussion on is out of our scope at the moment.

In summary, the aforementioned three cases of matrices
of rotation are called in physics as one parameter groups
of isometry that leaves line fixed. These are the main
results of this paper.

6 Conclusions

This research shows that the Lie derivative and Killing
vector field are used explicitly to generate three
rotational matrices ( space, boost, and null). The main
findings revealed that computational generators find the
matrices of rotation assuming the axis of rotation is
dependent on a vector field space, time, or null.

Further studies are in need to examine the geometry of
surfaces in Minkowskian spaces. All geometrical
aspects of curvatures, Gaussian maps, and mean
curvatures are in parallel with these matrices.
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