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On Oscillation of Second Order Damped Nonlinear Differential Equations
Ambarka A. Salhin

Department of Mathematics, Faculty of Education, Sirte University, Sirte, Libya

Abstract Keywords
This article introduces novel criteria for analyzing the oscillatory patterns oscillatory
exhibited by the solutions of damped differential equations. The main behaviour.
results we are derived through the utilization of crucial techniques, such as damped
the Riccati method and integral averaging. The theorems presented in this differential
study offer a more comprehensive and extended approach than compared equations.
to prior research. Illustrative examples are included to highlight the second order.
distinctions between our findings and those documented in existing
literature.

1. Introduction and Preliminaries

Consider the following differential equation of the form:

(r@Of @) +rOf (X' () +q)gx(®) = H(t,x'(t),x(t)). ()
where r,q and h € C [ty, ), t, = 0, r(t) > 0and g(x) € C(R) except at 0.

The study of oscillations in differential equations is an essential aspect of the analysis o

f differential equations, with many applications in engineering and the natural sciences. The vib
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ration characteristics of various components have attracted considerable interest, leading to ext

ensive research on oscillatory models in various types of differential equations. Many researche
s have examined the oscillatory behavior of solutions of differential equations (E).For example,
Elabbasy et al. (2005), established new oscillation conditions for Kamanev and Philos type for
all solutions of Eq. (E) with f(x') = x"and H(¢t, x'(t),x(t)) = 0 and they do not sign the
conditions on h(t), q(t) as follows:

(r(®x () +h(O)x' () + a(®)g(x(t)) = 0. (E1)

Zhang and Song (2011), considered equation (E) and replaced the explicit function
q(t)g(x(t)) by the implicit function Q(t, x), and obtained some enough oscillation criteria for
solutions of (E).

Wang and Song (2013), discussed the oscillation conditions of (E) with

H(t,x'(©),x(®) = Oand%x) > k > 0 for x # 0 as following:

r®OPE®)x' () +~®)x () + Q(t,x) = H(t,x(t), x (1)) (E2).

Moreover, Salhin et al. (2014), studied a class of equations more general than (E) where
she employed a class of functions to obtain new oscillation conditions for the monotonicity
function for previous results in the literature as follows:
r®OPEOIf (O + B f (' () + q(®)g(x(£)) = H(t, x(t), x () (Es).

Zhang et al. (2016), obtained two new oscillation conditions using a generalized Riccati
transform and an integral averaging technique of the Philos type.

More recently, Salhin (2023), derived new sufficient conditions for the oscillation of the
solutions to Eq. (E) with positive functions 1 (x(t)) and f (x'(t)) = x'(t).

In fact, many new ideas for determining sufficient conditions for oscillations can be found
in the papers of Lu et al., (2007), Rogovchenko and Tuncay, (2007), Rogovchenko and Tuncay,
(2008), Rogovchenko and Tuncay, (2009), Tunc and Avci, (2012) and Wang and Song, (2011))
and the recent monograph of Mazen et al., (2024). Those references and others will be considered

in order to come out with new results regarding our subject.
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The purpose of this study, is to contribute further in this direction and to establish
sufficient conditions for Eq. (E).
A solution to (E) is called oscillatory if it is neither eventually negative nor eventually

positive. The differential equation is oscillatory if all its solutions are oscillation.
2. Main Results

With respect to (E), we need to suppose that there are the positive constants
e1, ey, L and k satisty:

(1) L > 0and f?(y) < lyf(y)forally € R,

(2)q(t) 20,
(3) xg(x) > 0and 0 < k < g'(x) for allx # 0,

(txy)

(4) p: [to, @) — Ris continuous function such that ——==

x,y € Rand x # 0,

f(y)

50<e < < eyforall y # 0.

The following lemma will be need to prove the main results. First, Defined the continuous
functions as hs, H: D = {(t,s):t, < s < t}. A function H € (D, R)is said to belong to class &if
i. H(t,t)=0fort >tyand H(t,s) > 0 whent # s,
il.  H(t,s) has partial derivatives on D such that
JH(t,s)

as, = —h;(t,s)/H(t,s),

= h,(t,s)/H(t,s),for somehg, hy € L},.(D,R)

0H (t s)

Lemma 1. Let4,, 4,, A3 € C([ty, ), R)withd; > 0,Z € C1([ty, ), R). If there exist (a,b)
[to, ) and c € (a, b) such that
Z'< —A (s) + Ay(s) Z — A3(s) z% s € (a, b),

then
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= Pty

1
H(c,a)

1 ’ H(b,s)A 1 02(b ds<0
e ). (09409 — s 03,9 as <

Jac [H(S. a)Aq(s) — ﬁ 02 (s, a)] ds

for all H € &, where
0:(s,a) = [h3 (s,a) + A,(s)/H(s, a)]

0,(b,s) = [ha(b,s) — Ax()\JH(D,5)].
The proof of this lemma Can be found in Lu and Meng [2].

In the next theorems we put:
B(t) = ez ()T () — exp(DA(L),
o(t)

l
~oOr®’

t -1
v[t, T] = 8(b) ( fT 6(s)ds>

Theorem 1. Suppose that (1) — (5) true. Assume that

o du —o du
s <= qw < (6)

mwl () _m/'()
fﬂdu<oo,f gudu<°° (7)

g g

g g

min {inf,/g’(u) f:’\/ﬁ du, inf\/ g (w) fu_oo‘%du} >0 ®)
u>0 u<o

B(t) =0,B(t) <0,t>t,, 9)
[78(s)ds = oo, (10)

There exists a continuously differentiable function ¢ € C'[t, ) — (0, o), such that ¢ > 0 and

cl,)' < 0, we have

liminf f; $(s)(q(s) —p(s))ds > —eo. (11)
There exists (a,b) c [T, ), c € (a,b),H € &, and for a constant F > 0, such that
1

0%(s,a)]ds

. 1
] [H(5,)¢()(() = P() = g7

H(c,a)
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6%(b,s)]ds > 0, (12)

+ H(117,c) fcb[H(b' S)P(s)(e3q(s) —p(s)) —

where

4Jv[s,to]

1
0.(s,a) = [h3 (s, a) + a6(5)5(5),/11(5, a)],

1
02(b,5) = [hath,s) - L IOHONEID Bt

Then all solutions of (E) are oscillates.
Proof. Assume that x(t) a non-oscillatory solution of (E) such that x(t) > 0 on [T, o) for some
0 <ty <T.Letting

— OrOf (1))
w(t) = GO (13)

Differentiating (13), using Eq. (E) and (1) — (5) we obtain

e1¢(h(H)x () N e2¢ (Or(H)x (t)
g(x(®) g(x(t)

w)rm w2 () g (x(0).

w'(t) < ¢ (q@®) —p(0)) -

x'(t)

= ~$(9(®) = p©) + (26 OT©) = 1pORD) 155 = s W (9 (D)
= —p(O)@(®) — (D) + BB D — 5w (0)g (x(1). (14)
Integrating (14) from ¢, to twe get that
X
w(t) < wito) - f #(5) (a(s) — p(s)) ds + f PO s ds

~Jy, 8w (s) g (x(s)ds. (15)
Since B'(s) < 0, then there exist b; € [t,, oo)foreveryt > tosuch that

( ) _ 3 x(b1)d_u

PIEIE) “")j e [ o6

© du
< ﬁ(t()) fx(to) E =é3, (16)
where e; > 0 is a constant. Then, we have for t > ¢,
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w(t) S F = [ ¢(s) (a(s) = p(s)) ds — [, 6(s) w?(s) g (x(s)) ds, (17)
where F = w(t,) + e3.
We have one of the following three cases:

Case 1. If x'(t) is oscillates, choose t,, = t; such that limt, = o and x(t,) = 0,n = 1,2,...on

[to, ). From (17) we get o
t:na(s) w2(s) g'(x(s)) ds < F :¢>(s) (4(s) — p(s)) ds,n = 1,2,...
Using (11) we obtain

"8 wrs) g (x(5)) ds < oo

to

There exists A > 0, such that
fti“ 8(s)w2(s) g'(x(s)) ds < A, t > t,. (18)

Using Schwarz inequality, (5) and (1 8) we have

f ) g'(x(s) )ds f NOO) (,/5(5 Yw(s). |g'Ce(s)) )
tog(x(s)) to

2

< i( t5(s)ds) ( n6(s) w2(s) g (x(s)) ds),
€1 to to

< ﬁfti, 5(s)ds,t > t,. (19)

Applying (8),

- o I
VACIG) N S WMt =1, (20)
where Mis a positive constant.

Let My = [ F

(to) g(w)

du > 0,and applying (20) we have
o [ -2 x(t)
f g @ du| = m2|m, - f Vg W (u ’
x(t) g(u) x(to) 9 (u)

— 2
M [ : ftog(x(s)))dg("(s )ds]

g (x(t) = M?
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-2

> M? M, +

|

t x'(s) ,
ftg(x(s))) g (x(s)ds

Using (19) in the above inequality leads to

g (x(t)) = M?

N[ =
.

A t
M, + (— 5(s)ds>
eq to

Then, there exists a constant / > 0andT > t,, such that

gx(®) =] (;il N 5(s)ds)_1 t>T. 21)

Substituting of (21) in (14) we get

w'(t) < =) (q(t) —p(t)) + eilfs(t)ﬁ(t)W(t) —Jv[t, tew? (), t = T, (22)

From (22) and by Lemma 1 we conclude that for anyc € (a,b) andH € ¢

0% (s, a)] ds

c 1
s @@ @® - p©) - Yolt, 6]

H(c,a)J,

1 2
e L 10 s)] ds <0,

S f (1.9 @@ - p) -
which contradicts the condition (12).
Case 2. Assume that x'(t) > Ofort, < t; < t, then w(t) > Ofort > t;, by (17) we have
t t
S(HWA(s)g (x(s))ds < F — | ¢(s)(q(s) —p(s)) ds,t = t.
ty ty

From (11) we see that
I 8(s)W?(s)g (x(s)) ds < . (23)
The proof of the following case will be was similar to Casel.

Case 3. Let x'(t) < 0forty < t; <t, If(23) holds, then we have same the discussion in Case
2. If (23) is failed, by (17) and (11) we can get:

Fy+ [} 8w (s)g (x(s)) ds < —w(), t = ¢y, (24)
where F; is a constant. By taking t, > t;,
F,=F + ft"“: S(s)W2(s)g'(x(s)) ds > 1. (25)
From (24) and (25)

w(t) <0,
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e TN

and from (23), we find

s(OW2(t)g'(x(t)) - —x'(0)g(x'(t))
F, + ffl S(s)W2(s)g'(x(s)ds ~ 9x®) '

t>t,.

Integrating the above inequality, we have

‘ : g(x(t2))
In [Fl + tlé‘(s)wz(s)g (x(s))ds| = In O
Therefore
Fut [ 8(swA()g (x(s) ds 2 202D ¢ > ¢, (26)

Applying (24) and (26), we obtain
, 1
x() < —e—S(t)g(x(tz)) <0,t>t,.
1

Hence
1 t
x(t) = x(tp) =~ g(x(tz) | 8(s)ds > —oo,t - oo,
1 t,
Which is a contradiction. Hence the proof is completed.
i
Theorem 2. In addition to the conditions (1) — (5) and (6) — (8), assume that the function

¢: [tg, ©) = (0, ), such that (9) — (12) satisfied, and H € ¢, such that
tim sup [, [H(s,a1)$(5)(4(5) = P($)) = 777 03(s,a)]ds > 0. (27)
Then Eq. (E) is oscillatory if

lim sup f, [H(6,5)$(s)(a(5) = p(s)) =

1
4Jv[s,to]

62(b,s)]ds > 0 (28)

true for all a; € [t;, ), where 68;,08,and J as in Theorem 1.

Proof. If x(t) # 0 Vt € [t,, ) for some t, > t;.Put a; = a = t,in (27). We can get ¢ > a such

that

[{H(s, )6 () (4(5) = P(s)) = 1= 63 (5, )]ds > 0. (29)
Similarly, with (28) by setting a; = ¢ > t,. This leads to exists b > ¢ such that
[UTHB,9)$()(S) = p(s)) = 3= 05, $)]ds > 0. (30)

We can note that, (12) is true. Then the solutions of Eq. (E) are oscillates.
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Example 1. Consider the damped differential equation:

1 @@\l 1. ... ®)
[(1 ) (3" O1y (x'(t))ﬁ)] - ?<3x O1y (x'(t))6>
3+t 2
4 [t —(6bn—4)m +

x3(t) cost sinx (t)
tZ

2
] rwas aor -

)

(6n— 4w <t < (6n— ) for n=12,..
From Example 1. we can see that

1 1 T
T(t) = m,h(t) = —;,whent =ty = >

Let ¢(t) = 1, we can see that

B(O) = ex (Or(©) — e (OR(E) =
5(t) = L 1+ t2,
G0
m ¢ - 1+ ¢?
vlt, 5] = 8() <fT 6(5)ds> -

t+5+5+57
Also, we notice that the conditions (9) and (10) of Theorem 1 are satisfied by using 8(t) and §(t)
respectively.
Remark 1. Theorems 1. and Theorem 2. include theorems 1 and 2 of Lu and Mang, (2007) and
generalize, improve and unify the results of Zhang et al., (2024) with f(x') =
x'and H(t, x'(t),x(t)) = 0.
3. Conclusions

In conclusion, we have established and demonstrated a new set of oscillation conditions
that improve and extend the existing oscillation criteria, treating cases not previously covered
by known results. In addition, we have provided illustrative examples to support our work. We
have also included notes to highlight the importance of our main findings.
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