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SOME PROPERTIES OF RELATIVELY COMPACT SPACE
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Abstract : We consider the property of relative compactness of subspaces of Hausdorff spaces

I

We prove that , the property of being a relatively compact subspace of a Hausdorff spaces is
strictly sironger than being a regular space and strictly weaker than being a Tychonoff space.
I - Introduction : All spaces under consideration are assumed to be Hausdorff topological
spaces . Codensation is a one-to-one continuous map onto Cardinals are initial ordinals .
Symbols @ , Z ,R , stand for the first infinite cardinal , the set of all intcgersl and real line ,
respectively . A space , closed in every regular ( Hausdorff) space containing it is called R -

closed (H-closed ).
A subspace Y of space X is said to be relatively comact in X iff every open cover of X has a

finite subcover of Y [see6].

A subspace Y of aspace X is said to be relatively normalin X iff whenever F, and F, are
closed subsets of ‘Y an CL o F; ~n CL " F;:'. = (& , then there are disjoint open ] subsets
U, , and U, of X such that F ¢ U and -Fj_ & Hs -

Every relatively compact subspace of a space X is relatively normal in X and every relatively
normal subspace is a regular space [ see 1]. Onthe other hand every subspace Y of a
compact space K is relatively compactin K . Hence every Tychonoffspace Y can be

)
embedded into some space (e.g.] w([) as a relatively compact subspace , Therefor we could

consider being a relatively compact subspace, as a separation property , between regularity



and complete regularity . Below we shall show that our property is strictly stronger than
regularity and strictly weaker than complete regularity . We also use the followig separation

property .
Definition 1.1 : A space X has the countable separation property iff whenever F is a

closed subspaceof X and x ¢ F, there are open W,, Leca , such that for each I

teo ,x ¢ W/, F c Wyand CL, W. C We.

X U
Clearly , every Tychonoff space has the countable separation proprty and each space with

countable separation property is regular
Definition 1.2: A space Y will besaidto be potentially compact , if there is a space X

such that Y is a subspace of X and Y isd relatively compactin X

Thus we have ,
Proposition 1.3 : Lbvery potennally copact space is regular [see 1 ].

The folloing observation helps to identify several regular spaces wic. are not relatively compact

in any Hausdorff space .
Prpposition 1.4 : Let Y be an R-closed space wich is relatively compact in a space X

then Y is copact.

Proof : Choose arbitrarvy x € X\ Y and let Y=Y U {x}.Clearly,Y is
relatively compact in X . Hence Y isregular (see prop. 1.3). Then Y isclosed n Y so
x ¢ CL_, Y. Itfollowsthat Y is closedin X . Thus Y is compact in itself, LeY is

X

compact .
So any regular R-cosed non-comact space is not relatively compact in any Hausdorff space

containing it . One of the well-known examples with such properties is the Joens space over Y=z
= (o, +1 )Xo, +1)\{(w, , ® )} [seed] [secc also 5p.150-153].
Let C = @ x {0}, D =30} X® -, Y bethe quotient space obtained from Y x @ by

identifing C with C and D with D for each n € N and
2n+\ 2ne2 2h+ 2 an+3



-/

W:Yre »Y be the natural quotient map. Let Y = Y U {z} topologized as follows
Y is an open subspace of Y and {{z}u hk;‘c Y,, ke ®} is abasein z .
The resulting space is regular , not completly regular space [see 4 and 5 ] .

Proposition 1. 5 : Let ﬁf be the Jones space over (0, +1)x (v, *H\{(@, ,o,)}, then ‘\j

is not relatively compact in any Hausdorff space .
Proof: In view of proposition 1.4, we need to prove only that Y is R-closed . Assume the

~F
contrary . X isa regularspace Y ¢ X and x e CLX? Y . Clearly x eCIx X,
for some n € @ . now we need the folloing fact .
Claim 1.6 : Let X be a regulare space and Y = (@, +1)x(m' tH\{(eo, )} c X.
X \Y| < 1.If, moreover X\Y #& , then CLX b = (o 1)x(m1+ 1)= BY
It followsthat x ¢ CL Y and by induction we have that x¢ CL Y foreachk >n

~
sox= z, contradicting x ¢Y. .
Rmark 1.7 : The above arguments also work to show that Y is not relatively normal in any

regular space .

To constract a non-Tychonoff space Y wich is relatively compact in some Hausdorff space

X we need the following lemma .
Lemma 1.8 : There are a Hausdorff space X and a Tychonoff zero-demensional relatively

compact subspace Y of X and two uncouritable closed disjoint Gg-sbsets F, and E, of
aspace Y such that CLx F; £ CLx F,=@ , F and F, canbe separated (inY ) by
disjoint open sets , but whenever f : Y — R is a continuous function , then
lf' O F|>a implies [E,\ f ‘( 0) | € o in particular F' . and F, cannot be seperated
(inY) by a continuous real-valued function .

Proof : Let Y be be the set
[-10)x[0,1]\{(-1,0),(1,0)}.



2).{[-1,-1+e )x{y};0< €& <1 }for (x,y) € {-1}x(0,1] ;{(1- € ,1]x{y}; Q<e<1

Basic elements for topology of Y are either :
1). {x} for x e(-1,1)x(0,1],

for (xy) {1} x(0,1]

3). {{(x+e(-|x|)t ,t) ; te[0,1]\k,e ¢ {-1/2,0,1/2}} .,k € [(O,I]iu} for

(x,y)e (-1,1)x{0} .
A typical neighborhood V3 of a point (a, 0 ) can be described in the following way . Tak

the vertical line F, ; x=a through (a,0) and the towlines £, and F_ through (a, 0)
symmetrical with respect to ¥, having the slope +2/ (1 - |a |). Then V, is the intersection
oftheunion [, u ¥,u V. withtherectangle [-1,1]x[0, 1] frome wich any finite
set of points different from (a,0) is removed .

Clearly Y is a Hausdorff zero-dimensional (hence Tychonoft ) space . Let
F = {1}x(0,1]

F,={1} x@.,1)
U= {-1,-1+110)x(0,1]
U,= (1-1/10,1] x ( 0 .1]
Then F‘ 4 Fz are disjoint closed Gg -subsets of ¥ U ,I/z are disjoint open

neighborhood of F and F ', Tespectively . Moreover for
. J-Io‘q—i o
W, =[-1.-i+1/2 yx(0. 1y L ¢ @ .,
we have _
~ W =F and (‘l_.x W o W,

LEwW Cei

First we prove :

Claim 1.9:1et f : Y -» R bea conunuous funcoon such that /0 () ~ F >,

-1
then [F, ‘f (0) i< o

Proof : Assume the contran f >y R s continuews function sucn that



O

<

] -|
|/ (0)"F|>@ and | F,\ f (0)] > . Then therearc ¢ >0 and p [EJ - such

that
vpeP , f(p) >3 .Since/ is continuous thereare 5>0,L ¢ [p[s Mc[F ],

such that f (x,y)>2 & whenever 1-8§<x<1 ,y €L and I (xy) < & whenever
-1< x <-1+48,ye M . By the definition of the base of Y and continuity of f we have
JF(x0) <& foreach -1<x <-1+ 8§ and f (x,0) >2¢ foreach 1-§ <x <1.

Moreover thereisa family { K_ ; x € (-1,-1+ 8 ) } c [(0,1)]‘usuch that
F(uf{x+e(l-x)t;te [0,1]V\K ,ee {1/2,0,12}} ,x e (-L-1+8) P c [0, ¢ )

It follows that f (x,0)< & foreach -1<x<-1+4a/5 & except for finitely many times .
Therefor |{x € (-1 ,-1+ 6/5 &) ;f (x,0)>¢ } | <@. Applying the arument above
finitely many times we obtainthat |x € (-1,1/58 ); f (x,0)> ¢ } <w . Similarly
starting from the right end of the segment [-1,1] , we can prove that

| {xe (-1/5 8,1); f(x0)<2&}|< @ . This contradiction completes the proof of the

claim .
Now we shall constructa space X Consider the Stone-Cech extension Y of the space Y .
Let

G = CLPY (F H)\Y

~t

G, = CLﬂY (F\Y

~

G,=BY\W(G U CuY)
Y.

ol

LetX = GGu G, u. G3 UY bethe disjoint union of copies of sets ﬁ’ ’ﬁ; 5

Basic ¢lements for topology on X are either ;
1) .Ufor someopenUc Y,

2). {glv (UNnY ), forsomeg € G3 and some neighborhood Uofgin BY
3).{880 (UnU, ), torsomeg € G, and some neighborhood U of g in BY

4).{gtv (U~ U,), for some ge G?_ and some neighborhood Uofgin BY



()

Now U nNU,=Q implics that X is a Hausdorff space . Clearly , every open cover ¥ of X
induces anopen y' of P Y members of which are union of at most two elements of ¥ . it
follows that Y is relativelyy comactin X .Finally CL, F, =G , CL_F, = G yields , L
CL 2 FnCL, F,= &.Thus Y and X satisfy all the required conditions . H

We now turn to the second examble .
Example 1. 10 : There is a regular non-Tychonoff space Y with the countable separation

property which is relatively compact in some Hausdorff space .

Proof : We use the notation of lemma 1.8 . Feed Y and X into the Jones Machine [see 1.51
Lt A= F ,B=F, ,C=CLxF‘, D= CLX F, and let X bethe quotiant space

obtained from X x o by identifying C, with sz:. and ]Dm_rz with D, , for each
neNan q: X x@—> X be the natural quotient map . Let X=X u {z} topologized as
follows . X is an open subspace of X , and {{z} u;;&xn skew} isabasein z. Let
Y = qQ(Yxao)u {z} . Clearly §E a Hausdorff space and Yisa regular non-Tychonoff
subspace of X [ see 4,5] .Since foreach n €w@ , Y xn is relatively compact in Xxn and

hence in X and every neighborhood of z contains all except at most finitely many Yxn ,g is

o
relatively compact in X . Finally , since ;Y/ \ {z} is Tychonoff space and K, = Omw" where
CL,W c W_,it follows that Y has the countaible separation property . '

txt
Example 1.11 : There is aregular space Z wich is relatively compact in some Hausdorff space
and has the countaable separation property , but wich is not functionally Hausdorff .
Example 1. 12 : There is a regular space Z wich is relatively compact in some Hausdorff

space , su... chat all real -valued functions on Z are constant .(see 3)
IT - Wat if X has some separation property stronger than Hausdorff ?

First , since every Hausdorff space can be embedded as a closed subspace into some

semiregular space the followig assertiqn holds .



()

Proposition 2.1: A space Y canbe embedded as a relatively compact subspace into a
Hausdorff iand onlyif Y can be embedded as a relatively compact subspace into semiregular

space .
On the other hand if Y is relatively compact in some Urysohn space ,then Y must be Tychonoff

space . Indeed we have .

Proposition2 .2 :Let Y bea dence relatively compact subspace of a space X , then X is

H-closed .
Proot : Direct cheek .

Theorem 2.3 : Let Y be a dense relatively compact subspace of an Urysohn space X | then
there is a compact space Z and condensation f:X — Z , such that, foreach ¥ € X the
restiction f |yygyp of fto Y U {y} isa homeomorphism of Y U  {y} onto the image .

Proof : Let Z be the semiregularization of a space Z , and let f : X — Z bethe
natural condensation . Then Z is a semiregular Urysohn space , and f (Y) is relatively

compactin Z proposition 2.2 yields that Z is H-closed. So Zis semiregular Urysohn H-
closed space . Hence Z is compact. Now take arbitrary y € X ,then Y U {y} is
relatively compact in X . Therefor the semiregularization of Y U U } 1s agamn Y U {}}

It follows that  f| yufy4t  is a homeomorphism .
Definition 2.4: A subspace Y of a space X is said to be real-normal in X iff every
two subspces of Y having disjoint closures in X can be separated in X by a continuous real-

valued function .

Corollary 2.5 : Let Y be a dense relatively comact subspace of an Urysohn space X , then Y
is Tychonoff, X is functionally Hausdorff and Y is real -normal in X .

Proof : We shall prove that Y is real-normal in X , other properties are obvious .

Let ¥ ,F,c Y, CL, F n CL, F, = & . Use notation of 2.3, since for cach

!

y € X ,f |Yui4} is ahomeomorphism CL, f(F )n CL f(F,)=9
Hence CIi I (E ) and CLz f ( F, ) can be separation in compact space Z by a

continuous real-valued function . Therefor , the same is true for F1 and F, in X
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